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ABSTRACT PAGE 
Localized calcium elevations known as calcium puffs or sparks are cellular signals arising 
from cooperative activity of clusters of inositol 1,4,5-trisphosphate receptors (IP3Rs) or 
ryanodine receptors (RyRs) located at calcium release sites on the endoplasmic or 
sarcoplasmic reticulum membrane. When Markov chain models of these intracellular 
calcium-regulated calcium channels are coupled via a mathematical representation of the 
calcium microdomain, simulated calcium release sites may exhibit the phenomenon of 
"stochastic calcium excitability"' where the IP3Rs or RyRs open and close in a concerted 
fashion. Although the biophysical theory relating the kinetics of single channels to the 
collective phenomena of puffs and sparks is only beginning to be developed, Markov chain 
models of coupled intracellular channels give insight into the dynamics of calcium puffs and 
sparks. 
Interestingly, under some conditions simulated puffs and sparks can be observed even 
when the single channel model used does not include slow calcium inactivation or any 
long-lived closed state. In this case termination of the localized calcium elevation occurs 
when all of the intracellular channels at a release site simultaneously close through a 
process called stochastic attrition. This dissertation investigates the statistical properties of 
stochastic attrition viewed as an absorption time on a terminating Markov chain that 
represents a calcium release site composed of two-state channels that are activated by 
calcium. Assuming that the local calcium concentration experienced by a channel depends 
only on the number of open channels at the calcium release site, the probability distribution 
function for the time until stochastic attrition occurs is derived and an analytical formula for 
the expectation of this random variable is presented. Also explored is how the contribution 
of stochastic attrition to the termination of calcium puffs and sparks depends on the 
number of channels at a release site, the source amplitude of the channels, the 
background calcium concentration, channel kinetics, and the cooperativity of calcium 
binding. 
This dissertation also studies whether single channel models with calcium inactivation are 
less sensitive to the details of release site ultrastructure than models that lack a slow 
calcium-inactivation process. Release site dynamics obtained from simulated calcium 
release sites composed of instantaneously coupled calcium-regulated calcium channels 
whose random spatial locations were chosen from a uniform distribution on a disc of 
specified radius are compared to simulations with channels arranged on hexagonal 
lattices. Analysis of puff/spark statistics confirms that puffs and sparks are less sensitive to 
the spatial organization of release sites when the single channel model includes a slow 
inactivation process. The validity of several different mean-field reductions that do not 
explicitly account for the details of release site ultrastructure is also investigated. 
Calcium release site models are stochastic automata networks that involve many functional 
transitions, that is, the transition probabilities of each channel depend on the local calcium 
concentration and thus the state of the other channels. A Kronecker structured 
representation for calcium release site models is presented and benchmark stationary 
distribution calculations using both exact and approximate iterative numerical solution 
techniques that leverage this structure are performed. When it is possible to obtain an 
exact solution, response measures such as the number of channels in a particular state 
converge more quickly using the iterative numerical methods than occupation measures 
calculated via Monte Carlo simulation. When an exact solution is not feasible, iterative 
approximate methods based on the Power method may be used, with performance similar 
to Monte Carlo estimates. 
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Chapter 1 
Introduction 
Calcium (Ca2+) is a ubiquitous intracellular messenger that plays an important reg-
ulatory role in many cellular processes. For example, in muscle cells Ca2+ release 
from intracellular stores initiates contraction, and in neurons the presence of elevated 
intracellular Ca2+ initiates neurotransmitter release. At the onset of life, fertilization 
triggers Ca2+ oscillations which stimulate the machinery necessary for cell division 
and gene transcription [Berridge et al., 1998]. These processes are sensitive to the 
spatial and temporal characteristics of the Ca2+ signaling events which control them. 
Many Ca2+ signals occur as only brief spikes, or transients, as is the case with the 
Ca2+ that triggers muscle contraction or neurotransmitter release. During the process 
of fertilization, however, regular Ca2+ transients persist for several hours, resulting in 
a global Ca2+ wave which propagate throughout the cell [Berridge et al., 2000]. 
While Ca2+ is essential for all living organisms, its role as an intracellular signal can 
also promote disease and death. For example, cardiac arrhythmias may be triggered 
if the transient release of Ca2+ within cardiac myocytes spreads throughout the cell 
as a Ca2+ wave [Cannell and Soeller, 1998]. Calcium is also involved in the process 
of programmed cell death called apoptosis [Berridge et al., 1998]. 
1 
1.1 Calcium homeostasis 
The Ca 2+-mediated processes described above depend on the [ Ca 2+} gradients that 
exist across the semi-permeable membranes which surround the cell and other in-
tracellular organelles. The cell membrane helps maintain a resting cytosolic [Ca2+J 
(100 nM) that is low compared to extracellular levels (1-2 mM). The lipid bilayers 
that surround the endoplasmic reticulum (ER), sarcoplasmic reticulum (SR), and 
mitochondria act as barriers to the high concentrations of Ca2+ ( > 100 p,M) that 
are present within these intracellular organelles. Of course, the Ca2+ signals that 
modulate the cellular functions described above result from increases in the cytosolic 
[Ca2+]. However, because prolonged elevated [Ca2+J can prove fatal for cells, there 
exists a number of intracellular mechanisms which help to maintain Ca2+ homeostasis 
(see Fig. 1.1 for a schematic). 
One important regulator of Ca2+ homeostasis are calcium buffers, Ca2+ -binding 
proteins whose expression and affinity for Ca2+ binding varies widely between cell 
type and intracellular compartment. Calbindin is one example of a mobile buffer 
that is present at high concentrations in neurons such as cerebellar Purkinje cells. 
Because calbindin can to bind up to four Ca2+ ions at one time it is thought to 
play an important role in limiting the spread of local Ca2+ signals [Berridge et al., 
2000]. Calsequestrin is another low-affinity Ca2+ -binding protein that helps sequester 
Ca2+ inside the SR lumen of cardiac and skeletal muscle [Fill and Copello, 2002]. 
In contrast with calbindin, calsequestrin is thought to occur as part of a membrane-
bound complex [Gyorke and Terentyev, 2008]. 
In addition to Ca2+ buffers there are several types of membrane-bound proteins 
that allow for the active or passive transport of Ca2+ ions. Active transport pro-
teins require energy to transfer Ca2+ across membranes. For example, the plasma 
membrane Ca2+-ATPase (PMCA) and the sarco-endoplasmic reticulum Ca2+-ATPase 
(SERCA) are pumps which use energy from adenosine triphosphate (ATP) to move 
2 
Ca2+ ions against their electrochemical gradients. Both of these pumps help to ensure 
that the cytosolic [Ca2+] is low. While PMCAs are located on the cell membrane and 
remove Ca2+ ions from the cytosol to the extracellular space, SERCA pumps reside 
on the ER/SR membrane and transfer Ca2+ into the lumen of the ER/SR [Hille, 
2001]. 
The sodium-calcium exchanger (NCX) is another example of a protein that ac-
tively transports Ca2+ ions from the cytosol to the extracellular space. However, 
unlike PMCAs or SERCAs, the NCX uses the energy that is stored in the electro-
chemical gradient of sodium (Na+) by allowing Na+ to flow down its concentration 
gradient in exchange for the counter-transport of Ca2+ ions. The NCX is located on 
the plasma membrane and removes one Ca 2+ ion for every three N a+ ions that enter 
the cell [Hille, 200 1]. 
In contrast to the active transport mechanisms of pumps and exchangers, ion 
channels are selectively permeable inter-membrane proteins which allow ions to flow 
passively down their concentration gradients. The passive release of Ca2+ from the 
ER and SR occurs through two families of Ca2+ channels, namely inositol 1,4,5-
trisphosphate receptors (IP3Rs) and ryanodine receptors (RyRs) (for review see [Fos-
kett et al., 2007, Fill and Copello, 2002]). While IP3Rs and RyRs share many 
similarities-they are both protein tetramers with three known isoforms-these fam-
ilies of channels are quite different. For example, IP3Rs are found in many different 
cell types, but Ry Rs are primarily expressed in excitable cells (e.g., skeletal and car-
diac muscle). Furthermore, while Ca2+ is required to bind to the cytosolic side of 
both IP3Rs and RyRs for these channels to open, IP3Rs also requires the co-agonist 
inositol 1,4,5-trisphosphate (IP3 ) for opening [Bezprozvanny et al., 1991). While the 
plant alkaloid ryanodine is not required for RyRs to open, it does affect the open 
probability of the channels. Specifically, low concentrations of ryanodine promote the 
opening of RyRs; however, at high concentrations ryanodine reduces the likelihood of 
3 
channels being in an open state . As mentioned above both IP3Rs and RyRs exist in 
multiple isoforms, some of which are known to differ in their Ca2+ release properties. 
For example, while the type 1 and type 2 IP3Rs are both known to experience Ca2+ 
activation, the type 1 IP3R also closes when exposed to high [Ca2+], a process known 
as Ca2+-dependent inactivation. The extent to which Ca2+-inactivation contributes 
to RyR closings is an open question [Fill and Copello, 2002]. 
1.2 Local Ca2+ signaling 
Because IP3Rs and RyRs are Ca2+ activated Ca2+ channels, a small increase in cy-
tosolic [Ca2+] near the channel may promote further release of intracellular Ca2+, a 
phenomenon known as Ca2+ -induced Ca2+ release (CICR) [Bers, 2002]. This process 
of CICR is further complicated by the fact that both IP3 Rs and RyRs are known 
to co-localize at Ca2+ release sites on the ER and SR membranes. For example, in 
the cortical regions (approximately 6 JJm below the plasma membrane) of immature 
Xenopus laevis oocytes, IP3 Rs occur in clusters of 5-50 with inter-cluster spacing on 
the order of a few microns [Sun et al., 1998]. IP3Rs are also clustered on the surface of 
the outer nuclear membrane of Xenopus oocytes [Mak and Foskett, 1997]. Similarly, 
intracellular Ca2+ release in skeletal and cardiac myocytes is mediated by clusters of 
RyRs that are assembled into paracrystaline arrays of 100 cooperatively gating chan-
nels [Franzini-Armstrong et al., 1999, Bers, 2002, Wang et al., 2004, Chen-Izu et al., 
2006]. 
The spatial organization of IP3Rs and RyRs is the basis of three distinct modes of 
Ca2+ mobilization that have been observed via confocal microfiuorimetry in oocytes, 
cardiomyocytes, and many other cell types: 1) localized Ca2+ elevations due to the 
activation of single channels that are referred to as Ca2+ blips or quarks depending 
on whether the event is mediated by IP3Rs or RyRs [Niggli, 1999, Boatman et al., 
4 
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Figure 1.1: Schematic representation of intracellular Ca2+ signaling components 
shows the concentration gradients that are maintained by a host of active and pas-
sive transport mechanisms. The plasma membrane Ca2+ -ATPase (PMCA), sarco-
endoplasmic reticulum Ca2+ -ATPase (SERCA), and the sodium-calcium exchanger 
(NCX) remove Ca2+ from the cytosol. Calcium is released from the ER/SR via two 
families of receptor operator Ca2+ channels, namely inositol1,4,5-trisphosphate recep-
tors (IP3Rs) and ryanodine receptors (RyRs). Other mechanisms like cytosolic Ca2+ 
buffers and a highly selective Ca2+ channel located on the mitochondrial membrane 
help to keep the resting cytosolic [Ca2+] at 100 nM. 
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1997), 2) Ca2+ puffs and sparks that arise from the activation of multiple channels 
associated with a single Ca2+ release site [Cheng et al., 1993, Cannell et al., 1995, Yao 
et al., 1995, Parker et al., 1996], and 3) global responses such as oscillations and 
waves that involve multiple release sites [Dupont et al., 1991,Dupont and Goldbeter, 
1992, Dupont and Goldbeter, 1994, Cheng et al., 1996]. These three modes of Ca2+ 
release have been dubbed fundamental, elementary, and global responses, respectively 
[Berridge, 1997]. 
1.3 Mathematical modeling oflocal Ca2+ signaling 
Because the intricacies of local Ca2+ signaling cannot be fully captured by experimen-
tal techniques alone, mathematical models are often developed to help explain this 
complex phenomenon. Importantly, these models often incorporate features of Ca2+ 
dynamics that are observed experimentally, e.g., Ca2+ activation or Ca2+ inactiva-
tion [Fill and Copello, 2002, Hagar et al., 1998, Mak and Foskett, 1997, Moraru et al., 
1999, Ramos-Franco et al., 1998, Bezprozvanny et al., 1991]. The following sections 
provide an introduction to the types of modeling techniques that are used throughout 
the remainder of this dissertation. 
1.3.1 Stochastic processes and Markov chains 
A stochastic process is a collection of random variables {S(t)} that evolve proba-
bilistically over time t, which can be either a discrete or a continuous parameter. 
A stochastic process is defined more precisely as a Markov process if it satisfies the 
Markov or 'memoryless' property which states that the conditional probability of 
any future event is independent of all past events and depends only on the present 
state of the system. A Markov process is called a Markov chain when the the state-
space of the system (i.e., the set of values that S(t) can assume) is discrete [Norris, 
6 
1997, Stewart, 1994]. 
1.3.2 Discrete-time Markov chains 
Discrete-time Markov chains (DTMCs) are defined by the states of the system and 
the probabilities associated with transitioning between states. For example, given 
states i and j, we define the probability of transitioning from state i to state j in 
a single time step as Pij(n) = Pr{Sn+l = jiSn = i} for n E z+ = {0, 1, 2, · · · }. 
When the conditional probabilities of the system are independent of time, i.e., Pij = 
Pr{Sn+l = jiSn = i}, then the system is called time-homogeneous. We can collect all 
of the transition probabilities in the single-step transition probability matrix P = (Pij) 
which has the property that all rows sum to one (i.e., Pis a stochastic matrix) [Norris, 
1997,Stewart, 1994]. 
This P matrix is important because both the transient and the long-term behav-
ior of the stochastic process may be determined from it. For example, raising P to 
successive powers pn for n = {2, 3, · · · , oo} results in what is called the n-step tran-
sition probability matrix. For a specific n, the matrix entries [pn]ij are probabilities 
associated with transitioning from state i to state j in n steps. Given some initial 
distribution of the Markov chain 1r(O) and the single-step transition probability ma-
trix P, the probability that the DTMC is in state i after n steps is given by the ith 
element of the row vector 7r given by 
(1.1) 
It is sometimes the case that raising P to successively larger values of n produces a 
pn with invariant rows. When this occurs, then the probability distribution given 
by any of the identical rows is called the limiting distribution 7r of the DTMC. A 
DTMC will have a limiting distribution if it is classified as an ergodic chain, i.e., it is 
7 
irreducible and aperiodic. A DTMC is called irreducible if it is possible to move from 
any state to any other state via one or more transitions. A state i is periodic with 
period d > 1 if upon leaving i it is only possible to return in a number of transitions 
that is a multiple of d. A DTMC with no periodic states is called aperiodic. When a 
limiting distribution exists, then it is unique and it satisfies the following conditions 
1r = 1r P where 1re = 1. (1.2) 
Above, e is a commensurate column vector of ones indicating that the sum of the 
elements of the probability distribution 1r is one. Note that a limiting probability 
distribution 1r is the normalized left eigenvector of the transition probability matrix 
P corresponding to eigenvalue 1 [Norris, 1997,Stewart, 1994]. 
1.3.3 Continuous-time Markov chains 
Unlike a DTMC where transitions can only occur at discrete instances in time, a 
continuous-time Markov chain (CTMC) is a stochastic process which may change 
state at any point in time (t E JR+ = [0, oo]). Just as we defined the single-step 
transition probability matrix P to descibe a DTMC, we can describe a CTMC by 
considering the infinitesimal generator or Q-matrix. The off-diagonal elements of the 
infinitesimal generator matrix (Eq. 1.8) give the probability per unit time (i.e., a rate) 
of a transition from state i to state j, 
_ 1. Pr{S (t + ~t) = SJIS(t) = Si} qij - lm ;\ ~t~o ~t (i # j). 
Similarly, the absolute value of the diagonal elements of Eq. 1.8 correspond to the 
probability per unit time of a transition out of each state, 
8 
Note that the diagonal entries of a Q-matrix are given by the negative of the sum of 
the off-diagonal entries in the same row, that is, qii = -Lui%' a condition that 
ensures conservation of probability for all time. For the purposes of this dissertation 
we only consider time-homogeneous CTMCs meaning that the entries of the Q matrix 
are not functions of time, i.e., the transition rates are constant [Norris, 1997, Stewart, 
1994]. 
In a manner similar to that described above we are able to consider the transient 
and stationary behavior of the CTMC. The Chapman-Kolmogorov equation given by 
dP I dt = PQ allows the transient probability distribution 1r ( t) to be written as 
1r(t) = 1r(O)P(t) (1.3) 
where the ith element 1ri(t) is the probability that the system is in state i at timet, 
1r(O) is the initial distribution, and P(t) = etQ is a matrix exponentiaL Using Eq. 1.3 
we can derive the stationary distribution 7T leading to zero rate of change of 1r(t), 
i.e., d1r I dt = 0. Differentiating Eq. 1.3 with respect to t gives 
d1r dP 
- = 1r(O)-d = 1r(O)PQ = 1rQ. dt t (1.4) 
Therefore, solving for the stationary distribution of a CTMC involves solving the 
linear system 
?TQ = 0 subject to ?Te = 1. (1.5) 
Many techniques exist for solving Eq. 1.5 (see Chapter 4), and some methods 
require that the infinitesimal generator Q be discretized according to 
P =I+ Q6.t (1.6) 
where 6.t is the uniformization factor given by 1lmaxlqiil· This discretization factor is 
9 
chosen to ensure that P is a stochastic matrix and also indicated that state transitions 
occur at discrete time intervals defined by tlt [Norris, 1997, Stewart, 1994]. 
1.4 Markov chain models of single channel gating 
There is a long history of modeling the stochastic activity of a single ion channel as a 
continuous time Markov chain [Colquhoun, 1995]. While these single channel models 
can be relatively simple (e.g., two physicochemically distinct states) or complex (hun-
dreds of states), most include only two conductance levels (closed and open). For the 
purposes of this exposition we introduce the simplest single channel model, that is, a 
two-state model with one closed (C) and one open (0) state 
(closed) C 0 (open) (1.7) 
where qco and qoc are the rates of the C ---+ 0 and 0 ---+ C transitions and have units 
of time-1. When these rates are specified, Eq. 1. 7 defines a continuous-time discrete-
state stochastic process, S(t), with state space S E {C, 0}. When the transition 
rates do not vary with time, Eq. 1. 7 corresponds to the well-known telegraph process 
with Q-matrix given by 
(1.8) 
It is often the case that these single channel models include experimentally ob-
served phenomena like Ca2+ -dependent activation, Ca2+ -dependent inactivation or 
both [Fill and Copello, 2002,Hagar et al., 1998,Mak and Foskett, 1997,Moraru et al., 
1999, Ramos-Franco et al., 1998, Bezprozvanny et al., 1991]. For example, the single 
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channel model presented above is easily modified to include Ca2+ activation 
(closed) C 0 (open) (1.9) 
where c is the [Ca2+] near the channel, k+ is a bimolecular association rate constant 
with units conc-1time-1 and k- is a unimolecular dissociation rate constant with 
units time- 1. 
Markov chain models of single channel gating have the property that the dwell 
time, that is, the average amount of time spent in state i, denoted Ti, is exponentially 
distributed with expectation 
1 E[7i] = =--
l.::.:#i% 
(1.10) 
where the denominator is the total transition rate out of state i. For example, the 
expected open and closed dwell times for the two-state channel described by Eq. 1.9 
are E[To] = 1/k- and E[Tc] = ljk+c. For single channel models that include multiple 
states with the same conductance level (e.g., two closed states), the experimentally 
observable transitions are those between states with different conductance levels, and 
dwell times at one level are sums of exponential distributions [Smith, 2002b]. 
1.5 Markov chain models of Ca2+ release sites 
Continuous-time discrete state Markov chains are often used to model the stochastic 
dynamics of a Ca2+ release site composed of a cluster of interacting IP3Rs or RyRs 
[Rios and Stern, 1997,Swillens et al., 1998,Swillens et al., 1999,Stern et al., 1999,Shuai 
and Jung, 2002,Rengifo et al., 2002,Shuai and Jung, 2003,Hinch, 2004,Nguyen et al., 
2005, Mazzag et al., 2005, DeRemigio and Smith, 2005]. These calculations have 
established that when Ca2+-regulated Ca2+ channel models are coupled via a time-
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dependent or time-independent Ca2+ microdomain, simulated Ca2+ release sites may 
exhibit the phenomenon of "stochastic Ca2+ excitability" where the IP3Rs or RyRs 
open and close in a concerted fashion, activity that is reminiscent of experimentally 
observed Ca2+ puffs and sparks. In the above mentioned studies, the specific single 
channel model chosen, the release site geometry, and the description of the cytosolic 
milieu all contribute to the measured statistics of simulated puffs and sparks such as 
amplitude, duration, and inter-event interval. 
Although the biophysical theory relating the single-channel kinetics of IP3Rs and 
RyRs to the collective phenomena of Ca2+ puffs and sparks is not well-developed, 
Markov chain models of coupled intracellular Ca2+ channels give insight into the dy-
namics of Ca2+ puffs and sparks. This dissertation studies the dynamics of Ca2+ 
release sites simulated as CTMCs in an attempt to better explain the emergent prop-
erties of complex biological processes that are observed experimentally. 
The remainder of this dissertation is organized as follows. Chapter 2 examines the 
process of "stochastic attrition" as a Ca2+ puff/ spark termination mechanism. The 
cardiac modeling literature defines stochastic attrition as the spontaneous random 
closing of open channels at a Ca2+ release site, that is, no other mechanism (e.g., 
Ca2+ inactivation) causes the channels to close. In Chapter 3 we investigate whether 
single channel models with Ca2+ inactivation are less sensitive to the details of release 
site ultrastructure (i.e., the specific channel positions at the release site) than models 
that lack a slow Ca2+ -inactivation process. We also explore the validity of several 
different mean-field approximations where channels have no specific spatial positions 
at the Ca2+ release site. In Chapter 4 we introduce a Kronecker structured represen-
tation for calcium release site models and perform benchmark stationary distribution 
calculations using numerical iterative solution techniques that leverage this structure. 
Finally, Chapter 5 summarizes the significant contributions of this dissertation. 
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Chapter 2 
The dynamics of stochastic 
attrition viewed as an absorption 
time on a terminating Markov 
chain 
2.1 Summary 
Localized Ca2+ elevations known as Ca2+ puffs and sparks are cellular signals that 
arise from the cooperative activity of clusters of inositol 1,4,5-trisphosphate receptors 
and ryanodine receptors clustered at Ca2+ release sites on the surface of the endoplas-
mic reticulum or sarcoplasmic reticulum. When Markov chain models of these intra-
cellular Ca2+ -regulated Ca2+ channels are coupled via a mathematical representation 
of Ca2+ microdomain, simulated Ca2+ release sites may exhibit the phenomenon of 
"stochastic Ca2+ excitability" where the IP3Rs or RyRs open and close in a con-
certed fashion. Interestingly, under some conditions simulated puffs and sparks can 
be observed even when the single channel model used does not include slow Ca2+ 
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inactivation or, indeed, any long-lived closed/ refractory state [Nguyen et al., 2005]. 
In this case termination of the localized Ca2+ elevation occurs when all of the in-
tracellular channels at a release site simultaneously close through a process referred 
to as stochastic attrition [Stern, 1992]. In this chapter we investigate the statisti-
cal properties of stochastic attrition viewed as an absorption time on a terminating 
Markov chain that represents a Ca2+ release site composed of N two-state chan-
nels that are activated by Ca2+. Assuming that the local [Ca2+J experienced by a 
channel depends only on the number of open channels at the Ca2+ release site (i.e., 
instantaneous mean-field coupling [Nguyen et al., 2005]), we derive the probability 
distribution function for the time until stochastic attrition occurs and present an 
analytical formula for the expectation of this random variable. We explore how the 
contribution of stochastic attrition to the termination of Ca2+ puffs and sparks de-
pends on the number of channels at a release site, the source amplitude of the channels 
(i.e., the strength of the coupling), the background [Ca2+J, channel kinetics, and the 
cooperativity of Ca2+ binding. Because we explicitly model the Ca2+ regulation of 
the intracellular channels, our results differ markedly from (and in fact generalize) 
preliminary analyses that assume the intracellular Ca 2+ channels are uncoupled and 
consequently independent. 
The results of this chapter have been presented as "The dynamics of stochastic at-
trition viewed as an absorption time on a terminating Markov chain" in Cell Calcium 
[H DeRemigio and GD Smith, 38(2):73-86, 2005]. These findings were also presented 
in poster form at the 2006 Biophysical Society Annual Meeting in Salt Lake City, 
Utah. 
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2. 2 Introduction 
As mentioned in Chapter 1, localized Ca2+ elevations known as Ca2+ 'puffs' and 
'sparks' are cellular signals of great interest. Ca2+ puffs, sparks, and localized Ca2+ 
elevations due to plasma membrane Ca2+ channels are not only the building blocks 
of global Ca 2+ release events in eukaryotic cells, but also highly specific regulators 
of cellular function [Berridge, 1993, Cheng et al., 1993, Cheng et al., 1996, Berridge, 
1997, Berridge, 1998]. 
The relationship between single channel kinetics and the dynamics of localized 
Ca2+ release is complicated by the short range of action of intracellular Ca2+ [Allbrit-
ton et al., 1992] and the co-localization of intracellular Ca2+ channels at Ca2+ release 
sites on the surface ofthe endoplasmic reticulum (ER) or sarcoplasmic reticulum (SR). 
For example, in the cortical regions (approximately 6 J..Lm below the plasma mem-
brane) of immature Xenopus oocytes, inositol 1,4,5-trisphosphate receptors (IP3Rs) 
occur in clusters of 5-50 with inter-cluster spacing on the order of a few microns [Sun 
et al., 1998]. IP3Rs are also clustered on the surface of the outer nuclear membrane 
of Xenopus oocytes [Mak and Foskett, 1997]. Similarly, intracellular Ca2+ release in 
skeletal and cardiac myocytes is mediated by clusters of ryanodine receptors (RyRs) 
that are assembled into paracrystaline arrays of approximately 100 cooperatively gat-
ing channels [Franzini-Armstrong et al., 1999, Bers, 2002, Wang et al., 2004]. 
The spatial organization of IP3Rs and RyRs is the basis of three distinct modes of 
Ca2+ mobilization that have been observed via confocal microfluorimetry in oocytes, 
cardiomyocytes, and many other cell types: 1) localized Ca2+ elevations due to the 
activation of a single channel that are referred to as Ca2+ blips or quarks depending 
on whether the event is mediated by IP3Rs or RyRs [Niggli, 1999], 2) Ca2+ elevations 
due to the activation of multiple channels associated with a single Ca2+ release site 
known as Ca2+ puffs and sparks [Cheng et al., 1993, Cannell et al., 1995, Yao et al., 
1995, Parker et al., 1996], and 3) global responses such as oscillations and waves 
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that involve multiple release sites [Cheng et al., 1996]. These three modes of Ca2+ 
release have been dubbed fundamental, elementary, and global responses, respectively 
[Berridge, 1997]. 
Several groups have presented simulations [Rios and Stern, 1997, Swillens et al., 
1998, Swillens et al., 1999, Stern et al., 1999, Shuai and Jung, 2002, Rengifo et al., 
2002, Shuai and Jung, 2003, Hinch, 2004, Nguyen et al., 2005, Mazzag et al., 2005] 
demonstrating that Ca2+ puffs and sparks may arise from the cooperative activity 
of clusters of IP3 Rs and RyRs modeled as a continuous-time discrete-state Markov 
process (for review of simulation methods see [Colquhoun and Hawkes, 1995, Smith, 
2002b]). These calculations have established that when single channel models of Ca2+-
regulated Ca2+ channels are coupled via a time-dependent or time-independent Ca2+ 
microdomain, simulated Ca2+ release sites may exhibit the phenomenon of "stochas-
tic Ca2+ excitability" where the IP3 Rs or RyRs open and close in a concerted fashion. 
Allosteric interactions between intracellular Ca2+ channels may lead to synchroniza-
tion [Stern et al., 1999], but such direct coupling is not required. Rather, Ca2+ sparks 
and puffs can readily be observed when the coupling between single channel models 
is mediated entirely via the buffered diffusion of intracellular Ca2+ simulated through 
solution of a system of nonlinear reaction-diffusion equations. In the above mentioned 
studies, the specific single channel model chosen, the release site geometry, and the 
description of the cytosolic milieu are all important components of these simulated 
puffs and sparks that contribute to measured statistics such as amplitude, duration, 
and inter-event interval. The IP3R or RyR models used often include transitions rep-
resenting fast Ca2+ activation and slower Ca2+ inactivation, two phenomena that have 
been repeatedly (but not uniformly) observed in single channel recordings from pla-
nar lipid bilayer and nuclear patch experiments [Fill and Copello, 2002, Hagar et al., 
1998, Mak and Foskett, 1997, Moraru et al., 1999, Ramos-Franco et al., 1998, Bezproz-
vanny et al., 1991]. 
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Although the biophysical theory relating the single-channel kinetics of IP3Rs and 
RyRs to the collective phenomena of Ca2+ puffs and sparks is not well-developed, 
Markov chain models of coupled intracellular Ca2+ channels give insight into the fac-
tors determining the amplitude, duration, and inter-event intervals of Ca2+ puffs and 
sparks. For example, several investigators have observed a requirement of significant 
inter-channel communication in the genesis of Ca2+ puffs and sparks, that is, low den-
sity Ca2+ release sites exhibit a low puff-to-blip ratio or may not exhibit stochastic ex-
citability at all [Swillens et al., 1999). Another observation is that the stochastic Ca2+ 
excitability exhibited by coupled Ca2+ channels that include both Ca2+activation and 
Ca2+inactivation~e.g., the four-state type 1-like IP3R model presented in [Nguyen 
et al., 2005)~can be eliminated by modifying Ca 2+-inactivation rates. Some single 
channel models that include Ca2+-inactivition are not particularly sensitive to the 
density of channels at the simulated Ca2+ release site, so long as the requirement 
for inter-channel communication is satisfied, while other single channel models are 
unable to generate robust puffs regardless of channel density [Nguyen et al., 2005]. 
Interestingly, under some conditions simulated puffs and sparks may occur even 
when the single channel model used does not include slow Ca2+ inactivation or, in-
deed, any long-lived closed/refractory state. This has been observed, for example, 
in a model of IP3-sensitive Ca2+ release sites composed of type 2-like IP3R models 
that include Ca2+-activation but not Ca2+-inactivation [Nguyen et al., 2005]. Be-
cause there are a finite number of intracellular Ca2+ channels at a release site, there 
is always a chance that all of them will close simultaneously, a mechanism referred to 
as stochastic attrition in the context of spark termination in cardiac myocytes [Stern, 
1992, Stern and Cheng, 2004]. Even if Ca2+ inactivation or allosteric coupling is the 
mechanism dominating the termination of a localized Ca2+ release event, stochas-
tic attrition is always present and consequently will play some role. But when are 
the consequences of stochastic attrition negligible? And when are the dynamics of 
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stochastic attrition an important aspect of stochastic Ca2+ excitability? 
In order to quantify the possible contribution of stochastic attrition to the termina-
tion of puffs and sparks, investigators have roughly estimated the rate of termination 
events (kattrit) in a cluster of N uncoupled (i.e., independent) channels toggling be-
tween open and closed states with mean open time To and open probability p0 [Stern, 
1992, Stern and Cheng, 2004]. The reciprocal of this rate gives the so-called "stochas-
tic attrition time constant," 
1 1- (1- Po)N 
Tattrit = -k-- =To N-1 ' 
attrit N (1 -Po) Po (2.1) 
corresponding to the mean time between extinction events where all N channels are 
closed (see Appendix 2.7.1). This expression indicates that for fixed open probability 
and mean open time the stochastic attrition time constant for a cluster of uncoupled 
two-state channels is an exponentially increasing function of N. For example, Fig. 2.1 
shows that for p0 = 0.15 and To = 1 ms, the stochastic attrition time constant is 
Tattrit = 7 ms when N = 20 (open circle), but this value dramatically increases to 
over 10 minutes when N = 100 (open square). If a release site is composed of N = 
100 uncoupled channels with an open probability of Po = 0.2 and mean open time 
of To = 1 ms, the stochastic attrition time constant is greater than two days (filled 
square). Thus, a back-of-the-envelope calculation (Eq. 2.1) forcefully indicates that 
the contribution of stochastic attrition to the termination of Ca2+ puff and spark 
events will be minimal. 
This simple statistical demonstration that stochastic attrition is unlikely to con-
tribute to the termination of Ca2+ puffs and sparks conflicts with the observation that 
in some cases stochastic Ca2+ excitability is exhibited by simulated Ca2+ release sites 
composed of single channel models that do not include Ca2+ inactivation [Nguyen 
et al., 2005]. The discrepancy is due to the fact that the analytical result (Eq. 2.1) 
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Figure 2.1: The time constant for stochastic attrition (Tattrit) as a function of the 
number ( N) of independent two-state channels with mean open time To = 1 ms 
(Eq. 2.1). The solid and dotted lines correspond to Po = 0.20 and Po = 0.15, re-
spectively. Exponentially increasing values of Tattrit suggest that the contribution of 
stochastic attrition to the termination of Ca2+ sparks and puffs is negligible for release 
sites composed of uncoupled channels. 
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assumes that the channels are uncoupled and independent, while the simulations sug-
gesting that stochastic attrition may in some cases be the termination mechanism 
for Ca2+ puffs and sparks are more realistic and more complex. Most importantly, 
the simulations include Ca2+-regulated Ca2+ channels that are coupled with one an-
other through an evolving Ca2+ microdomain. Though the channels may be identical, 
they are not independent because the Ca2+ microdomain formed by open channels 
profoundly influences the subsequent stochastic gating of the release site. 
In this chapter we investigate the statistical properties of the phenomenon of 
stochastic attrition without making the assumption of uncoupled and independent 
channels. In Sections 2.3.1-2.3.2, we formulate the problem using a minimal two-
state model of a Ca2+ -activated Ca2+ channel and show how the extinction time 
of a puff or spark-the time until stochastic attrition occurs-can be viewed as an 
absorption time on an N + 1 state Markov chain. This is essentially the same approach 
as used to derive Eq. 2.1, except that we explicitly model the Ca2+ regulation of the 
channels and, consequently, the channels do not gate independently. In Section 2.3.3, 
we derive the probability distribution function for the time until stochastic attrition 
and the expectation of this random variable, thus generalizing Eq. 2.1 to the case of 
coupled channels. Sections 2.4.1-2.4.3 explore how the ability of stochastic attrition 
to terminate Ca2+ puffs and sparks depends on the number of channels at a release 
site, the source amplitude of the channels (i.e., how strongly they are coupled), the 
background [Ca2+J, and the cooperativity of Ca2+ binding. 
2.3 Formulation of Model 
2.3.1 A two-state channel model with Ca2+ activation 
As indicated in Chapter 1 of this dissertation, stochastic models of single channel 
gating often take the form of continuous-time discrete-state Markov processes. For 
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example, a transition-state diagram for a two-state channel activated by Ca2+ is given 
by 
(closed) C 0 (open) (2.2) 
where k+ cTJ and k- are transition rates with units of reciprocal time, k+ is an as-
sociation rate constant with units of concTJ time-1, TJ is the cooperativity of Ca2+ 
binding, and c is the local [Ca2+] that may be either constant or a function of time. 
If the local [Ca2+] is specified, the transition state diagram of the channel (Eq. 2.2) 
defines a discrete-state continuous-time stochastic process, S(t), that takes on values 
in the state-space S = (C, 0). For example, if the local [Ca2+] is assumed to be a 
fixed background [Ca2+] denoted by c = c00 , Eq. 2.2 corresponds to the well-known 
telegraph process with an infinitesimal generator or Q-matrix given by [Colquhoun 
and Hawkes, 1995, Norris, 1997] 
(2.3) 
where the off-diagonal elements are transition rates 
_ 1. Pr{S(t + Llt) = SjJS(t) = Si} qij - lm 1\ 
L',t---;0 u.t (i # j) (2.4) 
and the diagonal elements are such that each row sum is zero, Lj qij = 0. Equa-
tion 2.3 is important because all of the statistical properties of the two-state channel 
model diagrammed in Eq. 2.2 can be derived from this Q-matrix. For example, the 
probability that the channel is in state j at time t 2 0 given that it was in state 
i at time t = 0 is given by the elements Pij(t) of a matrix P(t) = etQ that can be 
calculated from Q using a matrix exponential. 
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2.3.2 Instantaneously coupled two-state channels 
In order to expand Eqs. 2.2-2.3 to represent two identical coupled channels, we write 
c* as the [Ca2+J above background experienced by the Ca2+ regulatory site of channel2 
when channel 1 is open (and vice-versa) and assume that channel gating is a process 
that is slow compared to the time required for the local [Ca2+] to change. This 
assumption of "instantaneous coupling" [Nguyen et al., 2005] allows us to write the 
transition state diagram for two coupled two-state channels where both are activated 
by Ca2+ as 
k+c1J 
00 
cc ---" oc .,.--
k-
k+c1J 
00 H k- k- H k+(c00 + c*)1J (2.5) 
k-
co 00 
k+(c00 + c*)1J 
Here the expanded state space includes both channels closed (CC), both channels 
open ( 00), or one channel open and the other closed ( C 0 and OC). Note the 
parameter c* is added to the background [Ca2+J (coo) when either of the two channels 
makes a C ----+ 0 transition while the other channel is open, that is, in the CO ----+ 
00 and OC ----+ 00 transitions in Eq. 2.5. Because the channels are identical, 
states CO and OC are equivalent and can be combined. This leads to a 3 x 3 generator 
matrix corresponding to Eq. 2.5 where lumping states leads to the doubling of some 
entries, 
0 
Q= (2.6) 
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For example, the transition rate out of the CC state is 2k+ c~ because either of the 
closed channels can open leading to the lumped state CO/OC. 
Equations 2.5-2.6 indicate how we may derive a minimal model of N stochastically 
gating two-state channels, each activated by Ca2+ as in Eq. 2.2, providing we assume 
that the local [Ca2+] experienced by a channel depends only on the number of open 
channels at the Ca2+ release site [Nguyen et al., 2005]. When this assumption of 
mean-field coupling is combined with the prior assumption of instantaneous coupling, 
we can write the local [Ca2+] experienced by each channel as C00 + Noc* where C00 is 
the background [Ca2+], c* is the [Ca2+] above background contributed by any open 
channel, and N0 is the number of open channels. Thus, a transition-state diagram 
for a cluster of N coupled two-state channels activated by Ca2+ is 
0 1 2 N -1 N 
(N- 1)k-
(2.7) 
where the state of the systemS= (0, 1, ... , N) indicates the number of open channels, 
N 0 , and the local [Ca2+] used in each Ca2+-mediated transition is a linear function 
of the number of open channels (en = C00 + nc*). The Q-matrix corresponding to 
Eq. 2.7, 
0 
2k- 0 
Q= 
(N -l)k- 0 k+(ccxo+(N-l)c.)'l 
Nk- o 
(2.8) 
is tridiagonal with the entry % giving the rate of transition from a release site with i 
open channels (No= i) to a release site where N 0 = j. The lower diagonal elements 
23 
of Eq. 2.8 are unimolecular rate constants while the bimolecular rate constants are 
included in the [Ca2+]-dependent upper diagonal. The diamonds ( o) in Eq. 2.8 indi-
cate a diagonal entry leading to a row sum of zero. Notice that the rates of 0 ---+ C 
transitions appearing in the lower diagonal are scaled by the number of open channels 
which increases from N0 = 1 to N0 = N in subsequent rows. Conversely, the number 
of closed channels (Nc = N- N0 ) that scales the upper diagonal entries decreases in 
subsequent rows. The terms involving c* in the upper diagonal are multiplied by N0 , 
because under the assumption of mean-field coupling, each open channel contributes 
equally to the elevation of the [Ca2+J above background at the model Ca2+ release 
site. 
There are 6 parameters in this minimal model of a Ca2+ release site composed 
of mean-field and instantaneously coupled two-state Ca2+ activated channels. These 
include the channel parameters themselves-the association ( k+) and dissociation 
(k-) rate constants and the cooperativity of Ca2+ binding (TJ)-as well as the number 
of channels (N), the background [Ca2+] (c00 ), and the [Ca2+] increase contributed by 
each open channel ( c*). In principle, this last parameter can be calculated from the 
source amplitude of open channels using the well-studied equations for the buffered 
diffusion of intracellular Ca2+ [Nguyen et al., 2005, Smith et al., 2001). We will refer 
to the parameter c* as the release site "coupling strength" because it determines the 
degree to which open channels influence the rate of Ca2+ -mediated transitions of other 
channels at the same release site. 
2.3.3 Stochastic attrition viewed as an absorption time on a 
terminating Markov chain 
The tridiagonal generator matrix of Eq. 2.8 defines the Markov chain model of a Ca2+ 
release site composed of N two-state channels that is the focus of this work. Notice 
that no Ca2+ -dependent inactivation mechanism is included in the single channnel 
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model (Eq. 2.2) and, consequently, the state where all the channels at the release site 
are closed can be entered only via the process of stochastic attrition. 
In order to analyze the dynamics of stochastic attrition in this model Ca2+ release 
site, we can view puff/spark duration as an absorption time on a terminating Markov 
chain that takes the form 
_ ( 01x1 01xN ) Qattrit -
tNxl TNxN 
(2.9) 
The N + 1 x N + 1 generator matrix Qattrit is identical to Q in Eq. 2.8 except that 
the first row is zeroed out, because it corresponds to the absorbing state where all 
channels are closed (No = 0). The N x N matrix T defines the dynamics of the 
transient states where 1 ::; N0 ::; N and is given by the lower right block of Q (see 
horizontal and vertical lines in Eq. 2.8), 
T= 
(N -l)k-
0 
(2.10) 
The N x 1 column vector t = (k-, 0, · · · , Of that gives the transition rates from 
transient to absorbing states has only one non-zero element, because the only way to 
enter the state No = 0 is via a transition from No = 1 to No = 0 at rate k-. Similar 
to Q in Eq. 2.8, Qattrit in Eq. 2.9 has row sums of zero; thus we may write t = -Te 
where e is a N x 1 column vector of ones. 
Equations 2.9-2.10 are the starting point for our analysis of the statistics of 
stochastic attrition. For example, the matrix T in Eq. 2.10 is invertible and the en-
tries of the inverse of this matrix [-r-1]ij denote the expected amount of time spent 
in state) before absorption given the intial state of the chain was N0 = i [Asmussen 
and Bladt, 1997, Latouche and Ramaswami, 1999]. Furthermore, if ¢ is a vector of 
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initial probabilities of the Ca2+ release site being in states N 0 = 1 through N0 = 
N we can write X¢ to indicate the random variable giving the time until absorption 
into state No = 0. The cumulative probability distribution for X¢ is 
(2.11) 
where exT is a matrix exponential and the probability density function of the random 
variable X¢ is given by 
(2.12) 
It can be shown be integrating Eq. 2.12 that the expected amount of time until 
absorption into state N0 = 0 given the initial probability distribution ¢ is 
(2.13) 
which will evaluate to a positive scalar. Using Eq. 2.13 it can be shown that the 
entries of the N x 1 vector, 
(2.14) 
give the expected time until absorption (i.e., stochastic attrition) when the initial 
state of the release site is N0 = i. For example, if we define ¢ 1 = (1, 0, · · · , 0) and 
¢N = (0, · · · , 0, 1), h1 = -¢1T-1e and hN = -¢NT-1e give the expected amount 
of time until stochastic attrition occurs when the release site initially has 1 open 
channel or N open channels, respectively. 
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Figure 2.2: (A) Markov chain model of a Ca2+ release site with 19 two-state channels 
exhibiting stochastic Ca2+ excitability. The single channel model (Eq. 2.2) does not 
include Ca2+ inactivation and, consequently, the simulated Ca2+ puffs/sparks are 
terminating via stochastic attrition. Parameters used: N = 19, 7J = 2, c00 = 0.05 
p,M, c* = 0.06 p,M, k+ = 1.5 p,M-2ms-1 , k- = 0.5 ms- 1. (B) Three large amplitude 
puff/spark events from (A) are reproduced to show diagramatically that the time until 
stochastic attrition occurs is a random variable (X¢) parameterized by the probability 
distribution over intial states(¢). Here¢= ¢ 1 = (1, 0, · · · , 0) and the initial state 
is N 0 = 1 (filled circles). 
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2.4 Results 
2.4.1 Dynamics of stochastic attrition 
Figure 2.2A shows a stochastic trajectory of a Markov chain model of a moderately 
sized Ca2+ release site composed of 19 two-state channels under the assumptions of 
mean-field and instantaneous coupling (Eq. 2.7). Consistent with previous work in 
which an identical number of channels were arranged in a hexagonal lattice (with-
out making the assumption of mean-field coupling), stochastic Ca 2+ excitability is 
observed in Fig. 2.2A in spite of the fact that there is no Ca2+ inactivation mecha-
nism in the single channel model (Eq. 2.2). Indeed, the single channel model includes 
Ca2+ activation but not Ca2+ inactivation and, consequently, the termination of these 
simulated puffs/sparks must be attributed to the phenomenon of stochastic attrition. 
Figure 2.2B shows the three largest amplitude stochastic Ca2+ release events of 
Fig. 2.2A-in each case the number of open channels is transiently greater than five 
(No > 5). The filled circles of Fig. 2.2B illustrate that the puff/spark duration (or 
equivalently, the time until stochastic attrition) is a random variable (Xq;) whose 
distribution depends on the number of open channels chosen for the initial state. The 
three events shown use ¢ = ¢ 1 = (1, 0, · · · , D)-corresponding to an initial state 
of N0 = l-and have durations of approximately 4, 15, and 42 ms, respectively. 
Figure 2.2A also shows many smaller amplitude events (i.e., blip or quarks) for which 
the time until stochastic attrition can be several milliseconds or less. 
Figure 2.3A shows a 3 second simulation of a Ca2+ release site exhibiting multiple 
large amplitude puff/spark events that terminate through the process of stochastic 
attrition (parameters as Fig. 2.2). As a first step in characterizing the stochastic 
gating of this Ca2+ release site, Fig. 2.3B shows the limiting probability distribution 
for the number of open channels (No) that is obtained in a long simulation such as 
that in Fig. 2.3A. Because the Markov chain model has a finite number of states and 
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Figure 2.3: (A) Ca2+ release site simulations with 19 two-state channels exhibiting 
Ca2+ puffs/sparks that terminate via stochastic attrition. Total time is 3 s. Param-
eters as in Fig. 2.2. (B) Stationary probability distribution of the number of open 
channels: 7r = (1ri) where 0 :::; i :::; N. (C) Probability density function of the time 
until stochastic attrition (Xq,) given by Eq. 2.12 with an initial state of one channel 
open (solid line) or N = 19 channels open (dotted line, alternate y-axis). (D) The 
corresponding cumulative distribution function for Xq, given by Eq. 2.11. 
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Nj)it = i hi (ms) Nj]it = i hi (ms) Nbnit = i hi (ms) Nj)it = i hi (ms) 
1 4.7 6 24.7 11 33.9 16 36.0 
2 8.8 7 27.6 12 34.6 17 36.2 
3 13.1 8 29.9 13 35.1 18 36.3 
4 17.3 9 31.6 14 35.5 19 36.4 
5 21.3 10 32.9 15 35.8 
Table 2.1: The expected puff/spark duration (that is, the time until absorption into 
the state No = 0) is a monotonically increasing function of the initial number of open 
channels No = i (Eqs. 2.10 and 2.14). Parameters as Fig. 2.3A. 
is irreducible, this limiting probability distribution is equivalent to the stationary 
probability distribution 1r = (7fo,7fr,··· ,7fN) solving 1rQ = 0 (using the generator 
matrix of Eq. 2.8) subject to conservation of probability (1re = 1) [Stewart, 1994]. 
This stationary probability distribution ( 1r) plotted in Fig. 2.3B shows that the release 
site is most often found in the state where all channels are closed (No = 0, 7fo = 
0.75). Indeed, the sum of 7fo through 7f4 is 0.91 indicating that when the trajectories 
of Fig. 2.3A are sampled at random the probability of observing more than 4 open 
channels is less than 10%. Nevertheless, the transient opening of channels at the 
release site is a notable aspect of the dynamics of stochastic attrition in Fig. 2.3A. 
In order to further analyze the statistics of stochastic attrition, the solid line of 
Fig. 2.3C shows the probability density function for the puff/spark duration (that is, 
the time until absorption into state No = 0) when the initial state is one open channel 
(No = 1). Using Eqs. 2.10 and 2.14, we find that this distribution has mean of h1 = 
4.7 ms consistent with the semilogarithmic plot of fx<P(x) (Eq. 2.12). The dotted line 
of Fig. 2.3C shows the probability density for the puff/spark duration when all the 
channels of the release site are initially open (No = N = 19); in this case the expected 
time until absorption is 36 ms. This is consistent with our intuition that that a fully 
activated release site should take longer on average to extinguish than a minimally 
activated release site. As shown in Table 2.1, the expected puff/spark duration is a 
monotonically increasing function of the initial number of open channels. 
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2.4.2 The dependence of stochastic attrition on coupling strength 
and the cooperativity of Ca2+ binding 
While many choices of Ca2+ release site parameters do not lead to stochastic Ca2+ 
excitability in which the termination of Ca2+ puffs/sparks occurs via stochastic attri-
tion, the specific parameters used to generate Fig. 2.3A are certainly not unique. In 
this section we will explore how the cooperativity of Ca2+ binding (ry) and the cou-
pling strength (c*) determine the significance of stochastic attrition as a puff/spark 
termination mechanism. 
To fascilitate this parameter study we introduce a response measure whose value 
correlates well with the presence of puff/spark events in stochastic Ca2+ release site 
si_mulations-the so-called puff/spark Score. First, we define the fraction of open 
channels in a release site as fo = N 0 /N, that is fo is a random function of time 
proportional to Fig. 2.3A that takes values between 0 and 1. The puff/spark Score is 
then simply defined as the index of dispersion of the fraction of open channels [Nguyen 
et al., 2005], that is, 
S _ Var[fo] _ ~ Var[No] 
core- E[fo] - N E[No] · (2.15) 
This response measure takes values between 0 and 1, with values greater than ap-
proximately 0.3 corresponding to the presence of robust Ca2+ puffs/sparks. 
Figure 2.4A, C, and E show three stochastic Ca2+ release site simulations demon-
strating that an elevated Score corresponds to the presence of Ca2+ puffs/sparks. The 
parameters used are identical to Figs. 2.2 and 2.3 except that the coupling strength 
takes values of c* = 0.04, 0.06, and 0.08 f.LM. In Fig. 2.4A the coupling strength is 
insufficient to allow generation of Ca2+ puff/spark events and the Score is a compar-
atively low value of 0.09. In Fig. 2.4E the Score is also quite low (c* = 0.08) because 
the coupling strength is too strong for puff/spark events to terminate via stochastic 
attrition. In Fig. 2.4C the coupling strength of c* = 0.06 f.LM leads to robust Ca2+ 
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Figure 2.4: (A, C, E) Ca2+ release site simulations with 19 two-state channels using 
different values of the coupling strength: c* = 0.04, 0.06, and 0.08 J.tM, respectively. 
Other parameters as in Fig. 2.3. Only the intermediate value of 0.06 J.tM (A) leads 
to robust puff/spark events. (B, D, F) The stationary probability distributions for 
A, C, and E, respectively: 1r = ( ni) with 0 ::; i ::; N. 
32 
puffs/sparks and a comparatively large Score of 0.43. Figures 2.4B, D, and F show 
the stationary probability distributions for the number of open channels as the cou-
pling strength is increased. The rightward shifts in these distributions correspond to 
and an increase in the expected number of open channels (E[N0 ]) as the coupling 
strength (c*) is increased (compare Fig. 2.4D and E). 
Figure 2.5 summarizes the results of many simulations such as Fig. 2.4 by plotting 
the Score for 19 channel Ca2+ release site simulations as a function of the coupling 
strength (c*). The thick solid line of Fig. 2.5 shows that when the cooperativity of 
Ca2+ binding is rt = 2 the puff/spark Score first increases and then decreases as a 
function of the coupling strength c*. The filled square, circle, and triangle correspond 
to the simulations presented in Fig. 2.4A, C, and E, respectively. Because simulations 
such as those in Fig. 2.4 indicate that a Score of 0.3 or more corresponds to robust 
puffs or sparks, we conclude that the range of coupling strengths leading to significant 
stochastic Ca2+ excitability in this release site composed of 19 two-state channels is 
approximately c* = 0.056-0.070 J.LM. 
To determine the extent to which the phenomenon of stochastic attrition depends 
on the cooperativity of Ca2+ binding (rt) in the two state model (Eq. 2.2), Fig. 2.5 
also shows the Score as a function of the coupling strength ( c*) for release sites using 
TJ = 1, 3, and 4. So long as the cooperativity of Ca2+ binding is greater than or 
equal to 2 (rt 2: 2) we find that a range of coupling strengths give rise to spontaneous 
Ca2+puffs/sparks with Scores greater than 0.3. We also find that the maximum 
possible Score increases as the cooperativity of Ca2+ binding increases; in the case 
of rt = 4 the optimal Score is nearly 1. However, when the cooperativity of Ca2+ 
binding is r; = 1, robust Ca2+ puffs/sparks terminated by stochastic attrition are not 
observed regardless of coupling strength (thin solid line). 
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Figure 2.5: The Ca2+ puff/spark Score as a function of the coupling strength c* and 
the cooperativity of Ca 2+ binding for 77 = 1 (thin solid line), 2 (thick solid line), 77 = 
3 (dashed line), and 77 = 4 (dotted line). Other parameters as in Fig. 2.3. The filled 
square, circle, and triangle correspond to Fig. 2.4A, C, and E, respectively. 
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2.4.3 Stochastic attrition can occur for release sites com-
posed of many channels 
In Sections 2.4.1-2.4.2 we focused on the stochastic gating of Ca2+ release sites com-
posed of 19 two-state channels that are activated, but not inactivated, by Ca2+. In 
order to determine how the dynamics of stochastic attrition depend on the num-
ber of such two-state channels at a Ca2+ release site, Fig. 2.6 shows the Score as 
a function of coupling strength for release sites composed of 19, 30, 50, and 100 
channels modeled using generator matrices similar to Eq. 2.10 but of larger size. Be-
cause a Score of greater than 0.3 corresponds to a Ca2+ release site simulation with 
robust puffs/sparks, Fig. 2.6 demonstrates that for each value of N studied there 
exists a range of coupling strengths (c*) that gives rise to puffs/sparks terminated 
by stochastic attrition, though the range of coupling strengths leading to stochas-
tic Ca2+ excitability narrows as N increases. The filled and open circles of Fig. 2.6 
show that when the coupling strength is fixed, increasing the number of two-state 
Ca2+ activated channels from N = 19 to 30 or more may lead to a tonically active 
release site. However, Ca 2+ release sites composed of large numbers of instanta-
neously coupled two-state channels (up to 100 shown here) are capable of generating 
puffs/ sparks terminating by stochastic attrition so long as the coupling strength ( c*) 
is appropriately chosen. 
Interestingly, Fig. 2.6 shows that the optimal value coupling strength-that is 
the value of c* leading to the highest Score-decreases as the number of channels 
in the release site increases (compare location ~f peaks). In fact, for fixed channel 
parameters (k+,k-,rJ) the product of the optimal coupling strength (c~Pt) and the 
number of channels at the release site is nearly invariant. More precisely, using the 
optimal coupling strength ( c~Pt) value for a given N, the value of c~pt that will produce 
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Figure 2.6: The Ca2+ puff/spark Score as a function of the coupling strength (c*) 
when the number of two-state Ca2+-activated channels is N = 19 (solid line), N = 
30 (dashed line), N =50 (dot-dash-dashed line), and N = 100 (dot-dot dashed line). 
Other parameters as in Fig. 2.3. 
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Figure 2. 7: The optimal coupling strength ( c~Pt)-that is, the value of c* leading to 
maximum puff/spark Score-is a decreasing function of the number of channels (N) 
in Ca2+ release sites composed of coupled two-state channels. Filled and open circles 
summarize results from calculations similar to Fig. 2.4. The dashed line shows the 
relationship predicted by Eq. 2.16 where N = 19 and c~pt = 0.0637 ,uM while the 
dotted line is c~Pt = c~Pt N/ f.r. 
37 
the maximum Score for any other N of interest is given by 
-opt - c~Pt(N- 1) 
c* - - . N -1 
(2.16) 
Figure 2. 7 confirms this relationship by plotting the optimal coupling strength ( c~Pt, 
filled circles) for Ca2+ release sites with a range of sizes (N). The dotted line in 
Fig. 2. 7 is a plot of optimal coupling strength c~Pt as a function of N as predicted by 
Eq. 2.16 with c~pt = 0.0637 J.LM and N = 19. The agreement between the filled circles 
and dashed line of Fig. 2.7 confirms that as the number of channels in a Ca2+ release 
site increases, the optimal coupling strength decreases in a matter well-approximated 
by Eq. 2.16. 
It is important to note that the optimal Scores presented in Fig. 2. 7 are all in the 
range 0.461-0.488 as N increases from 19 to 250. Thus, Fig. 2. 7 demonstrates that 
Ca2+ release sites with very large numbers of channels are still capable of exhibiting 
puffs/sparks that are terminated by stochastic attrition when the coupling strength 
( c*) is optimally chosen. To clarify this point, Fig. 2.8A-C shows representative 
stochastic gating of Ca2+ release sites composed of N = 19, 50, and 100 two-state 
Ca2+ -activated channels, respectively (corresponding to three peaks in Fig. 2.6 and 
the open circles in Fig. 2. 7. In each panel the cooperativity of Ca2+ binding is 
77 = 2 and the coupling strength leading to optimal Score-found using Fig. 2. 7 or 
Eq. 2.16-leads to stochastic Ca2+ excitability in spite of the fact that there is no Ca 2+ 
inactivation in the single channel model (Eq. 2.2). The association and dissociation 
rate constants (k+ and k-) used in Fig. 2.8B-C were chosen so that the expected time 
until stochastic attrition from state No = N to N 0 = 0 is 63.2 ms in each panel and 
the dissociation constant (K"~ = k- / k+ = 0.33 J.LM"~) remains fixed; the background 
[Ca2+J is also fixed at c00 = 0.05 J.LM. Figure 2.8 shows that when release sites are 
composed of a large number of channels (N), the parameters of the single channel 
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Figure 2.8: (A-C) Ca2+ release site simulations with N = 19, 50, and 100 two-state 
Ca 2+ -activated channels using the optimal coupling strength-the value of c* leading 
to the maximum possible Score (0.0637, 0.0234, and 0.0116 J.LM, respectively). Asso-
ciation and dissociation rate constants (k±) are chosen so that the time to absorption 
from state N0 = N to N 0 = 0 is 63.2 ms regardless of N. These rate constants are 
given by k- = k+ KTJ and k+ = 1.5, 6.94, and 65.85 J.LM-TJms- 1 , respectively, so that 
dissociation constant K is fixed (KrJ = 0.33 J.LMTJ). The cooperativity of Ca2+ binding 
is rt = 2 and the background [Ca2+] is C00 = 0.05 J.LM. 
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model (k+, k-, and 77) can be chosen so that robust Ca2+ puffs/sparks are terminated 
via stochastic attrition. Interestingly, when N is large the Ca2+ puffs/sparks appear 
more "boxy" (compare Fig. 2.8B and C), indicating that the stationary probability 
distribution is distinct in Fig. 2.8A-D. Specifically, when N is large it is unlikely that 
the Ca2+ release site will be found with the fraction of open channels (!0 = N0 /N) 
in the range 0.1-0.2. 
2.4.4 The expected time until stochastic attrition 
The previous section explored how the ability of stochastic attrition to terminate 
Ca2+ puffs and sparks depends on the number of channels at a release site (N) and 
how strongly they are coupled ( c*). These calculations include Ca2+ -regulation and 
cooperative Ca2+ binding and, consequently, the expected time for stochastic attrition 
to occur can be much shorter (or much longer) than that predicted by the back-of-
the-envelope calculation that assumes independent and uncoupled channels (Eq. 2.1). 
In this section we derive an analytical formula analogous to Eq. 2.1 for the expected 
time until stochastic attrition in a release site composed of N instantaneously and 
mean-field coupled two-state Ca2+-activated channels (Eq. 2.2). 
As discussed in Section 2.3.2, there are 6 parameters in this minimal model of a 
release site composed of two-state Ca2+ -activated channels. These include the channel 
parameters themselves-the association (k+) and dissociation (k-) rate constants and 
the cooperativity of Ca2+ binding (77)-as well as the number of channels (N), the 
background [Ca2+] (c00 ), and the [Ca2+] increase contributed by each open channel 
(c*). To calculate the expected time until stochastic attrition, it is helpful to measure 
concentration in units of the dissociation constant for Ca2+ binding to the two-state 
channel (K) and measure time in units of the reciprocal of the dissociation rate 
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constant (k-). Thus, we write 
(2.17) 
and substitute these expressions into Eq. 2.8 to find a dimensionless generator matrix 
for the Ca2+ release site composed of coupled two-state channels, 
o Nc6o 
1 0 
2 0 
(N -1) 
N o 
(2.18) 
Notice that the six parameters of the original dimensional generator matrix ( k+, k-, 
Coo, c*, N, and rt in Eq. 2.8 correspond to four dimensionless parameters (coo, c*, 
N, and rt in Eq. 2.18). When the dimensionless versions of Qattrit = Qattritk- and 
T = Tk- are defined as in Eq. 2.9, the dimensionless hitting time vector h = hk-
is given by h = -i'- 1e. Beginning with Eq. 2.18 Appendix 2.7.2 shows that the 
expected time until absorption into state No = 0 given an initial state of No = 1 
(that is, hi) is given by 
1 1 N - 1 ! C00 + j c* 
{ 
N -1 [ ( ) i ( ) "'] } 
Tattrit = kattrit = k_ 1 + ~ (i + 1)!(N- 1- i)! D K (2.19) 
where K"~ = k- / k+ as defined above. This expression is a generalization of Eq. 2.1 
that gives the expected time until stochastic attrition occurs for a release site com-
posed of N coupled two-state Ca2+ -activated channels. 
The nondimensionalization presented above allows a full exploration of the con-
tribution of stochastic attrition to the termination of Ca2+ puffs/sparks. For ex-
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Figure 2.9: The Ca2+ puff/spark Score plotted in pseudocolor as a function of the 
dimensionless coupling strength (c*) and dimensionless background [Ca2+] (c00 ) for a 
release site composed of coupled two-state Ca2+ -activated channels with cooperativity 
of Ca2+ binding TJ = 2. The number of channels is N = 19 (A) and 50 (B), respectively. 
42 
ample, Fig. 2.9A shows the Ca2+ puff/spark Score as a function of the dimension-
less coupling strength (1\) and dimensionless background [Ca2+] (coo) for a release 
site composed of 19 two-state Ca2+-activated channels with cooperativity of Ca2+ 
binding rt = 2. Figure 2.9A shows that for any dimensionless background [Ca2+J 
(coo = coo/ K) less than approximately 0.1, a dimensionless coupling strength of ap-
proximately c* = c*j K = 0.1leads to a high Score. As the dimensionless background 
[Ca2+] increases from 0.1 to 0.3, the optimal dimensionless coupling strength decreases 
slightly; when the dimensionless background [Ca2+] is greater than approximately 0.3 
there is no coupling strength leading to a high puff/spark Score. Figure 2.9B shows 
that for Ca2+ release sites composed of N = 50 coupled two-state channels the range 
of dimensionless coupling strengths leading to a high Score narrows and the max-
imum dimensionless background [Ca2+] that permits Ca2+ puffs/sparks terminated 
by stochastic attrition decreases slightly. Comparing Fig. 2.9A and B for low dimen-
sionless background [Ca2+] (e.g., c00 = 0.01), we see that the optimal dimensionless 
coupling strength for N = 50 channels is less than the optimal dimensionless coupling 
strength for N = 19 channels (consistent with Eq. 2.16 and Fig. 2.6). 
2.5 Discussion 
In this chapter we investigate the statistical properties of stochastic attrition viewed 
as an absorption time on a terminating Markov chain representing Ca2+ release sites 
composed of N two-state Ca2+-activated channels. In release sites composed of com-
paratively small number of channels (e.g., N=19 in Fig. 2.3), Monte Carlo simulation 
indicates that robust Ca2+ puffs and sparks can be observed in spite of the fact that 
Ca2+ inactivation is not present in the single channel model (Eq. 2.2). Several param-
eter studies involving a response measure referred to as the Ca2+ puff/spark Score 
show that stochastic attrition is sufficient as a termination mechanism for Ca 2+ puffs 
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and sparks so long as cooperative Ca2+ binding is included in the single channel model 
(rJ ~ 2). 
Interestingly, when simulations are performed with large numbers of two-state 
Ca2+-activated channels (uptoN= 250 in Fig. 2.7 and N = 100 in Fig. 2.8), ro-
bust Ca2+ puffs/sparks terminated by stochastic attrition are observed so long as the 
coupling strength ( c*) and channel kinetics (k+ and k-) are chosen appropriately. 
At first glance this result appears to be in disagreement with a back-of-the-envelope 
calculation (Eq. 2.1) indicating that the time constant of stochastic attrition is an ex-
ponential function of the number of channels in a Ca2+ release site. However, Eq. 2.1 
is derived under the unphysiological assumption that a release site is composed of 
uncoupled and independent channels. Conversely, this analysis begins with a min-
imal representation of the influence of open Ca2+ channels on the Ca2+-regulation 
and subsequent stochastic gating of Ca2+ release sites. With this addition of this 
physiological realism we find that stochastic attrition is not so easily eliminated as a 
potential Ca2+ puff/spark termination mechanism. 
Our results indicate that the significance of stochastic attrition as a Ca2+ puff/spark 
termination mechanism depends on the coupling strength (c*), the background [Ca2+] 
(c00 ), and the dissociation constant for Ca2+ binding to a two-state Ca2+-activated 
channel ( K). Analysis of a nondimensionalized generator matrix for a collection 
of N two-state Ca2+ -activated channels (Eq. 2.17) shows that so long as the ra-
tio c00 = c00 / K is small enough, there is always a range of dimensionless coupling 
strengths (c* = c*/ K) leading to robust Ca2+ puffs/sparks terminated by stochastic 
attrition. This nondimensionalization also facilitates the derivation of an analytical 
formula for the time until stochastic attrition (Eq. 2.19) that generalizes Eq. 2.1 to 
the case of coupled channels. Indeed, when the coupling strength is set to zero ( c* = 
0), Eq. 2.19 reduces to Eq. 2.1. 
It is important to note that we observe stochastic attrition serving as a Ca2+ 
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puff/spark termination mechanism in situations where the stochastic attrition time 
constant for uncoupled channels (Eq. 2.1) suggests that termination by stochastic 
attrition was highly unlikely. For example, in a simulation involving 150 coupled 
channels (not shown), the expected value for the time until stochastic attrition is 
63.2 ms (Eq. 2.14). However, the mean open time of the two-state channels is To = 
1/k- = 0.005 ms and the open probability~equivalent to the steady-state open 
fraction of channels~is fo = Po = 0.1. Substitution of these values into Eq. 2.1 
suggests a stochastic attrition time constant of 8766066.70 ms, or approximately 2.4 
hours, values that are not consistent with Fig. 2.8D. Thus, it is clear that by neglecting 
coupled gating Eq. 2.1 may overestimate the expected time until stochastic attrition 
occurs. 
As mentioned above, we find that as long as the dimensionless background [Ca2+J 
(c00 = c00 / K) is small enough, there is always a range of dimensionless coupling 
strengths (c* = c*/ K) leading to robust Ca2+ puffs/sparks terminated by stochastic 
attrition. It is important to note that although the coupling strength is a monotonic 
function of the source amplitude of open channels in a Ca2+ release site [Nguyen 
et al.' 2005]' the dimensionless coupling strength c* is also determined by the dissoci-
ation constant for Ca2+ binding the channels (K). This means that the small optimal 
dimensionless coupling strengths observed for large N do not imply that unphysio-
logically small single channel conductances are required for Ca2+ sparks/puffs to be 
terminated by stochastic attrition. 
On the other hand, several important caveats are required so as not to misinterpret 
these simulations of Ca2+ puffs/sparks terminated by stochastic attrition. First, we 
consistently observe an optimal coupling strength leading to robust Ca2+ puffs/sparks 
terminating by stochastic attrition, but the range of values around this maximum 
becomes narrow with large N. For example, for low dimensionless background [Ca2+], 
the range of coupling strengths leading to a Score~ 0.3 is approximately four times 
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the size when N = 19 channels than when N =50 channels (cf. Fig. 2.9). 
Secondly, it is important to recognize that the assumptions of mean-field and 
instantaneous coupling are limitations of the analysis of stochastic attrition presented 
here; and yet, we hasten to add, these assumptions are much to be preferred over the 
assumption of independent and uncoupled channels that has appeared in previous 
work (Eq. 2.1). When instantaneously coupled channels are assigned specific spatial 
locations, the dynamics of stochastic Ca2+ excitability are often similar to simulations 
utilizing a mean-field approximation [Nguyen et al., 2005]. On the other hand, in 
some cases the dynamics of instantaneously coupled Ca2+ release sites depends on 
the precise location of channels, even when the average channel density at a Ca2+ 
release site is unchanged [Nguyen, 2005]. For example, the dynamics of Ca2+ release 
sites composed of single channel models that include fast Ca2+ activation but no slow 
Ca2+ inactivation (Eq. 2.2) tend to be more sensitive to channel position than release 
sites composed of single channel models that include both Ca2+ activation and Ca2+ 
inactivation~e.g. the four-state type 1-like IP3R model presented in [Nguyen et al., 
2005]. 
Similarly, the assumption of instantaneous coupling is a limitation of the present 
study. When two-state Ca2+ -activated channels are coupled via a time-dependent 
Ca2+ domain as [Mazzag et al., 2005], the time constant for Ca2+ domain formation 
and collapse can have a strong effect on both the generation and termination of Ca 2+ 
puffs/sparks. For example, if the domain [Ca2+] does not increase fast enough in 
response to a single channel opening, Ca2+ blips and quarks are unlikely to trigger 
puffs and sparks. Similarly, if the domain [Ca2+] does not drop quickly in response 
to the spontaneous closing of channels, residual Ca2+ from previous channel openings 
may prohibit termination of Ca2+ release events via stochastic attrition [Tignanelli, 
2005]. 
Thirdly, we observed for coupled two-state Ca2+ activated channels leading to 
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robust Ca2+ puffs/sparks only when the cooperativity of Ca2+ binding was 2 or 
more. More biophysically realistic single channel models also exhibit cooperative 
Ca2+ -regulation through the gating of independent subunits, some number of which 
must be permissive for the channels to be open. For example, the transition state 
diagram 
0, 
represents a two-subunit channel that is open only when both subunits are permis-
sive. When such Ca2+ -regulated channel models are instantaneously coupled, we have 
repeatedly observed that cooperative Ca2+ regulation due to the sequential binding 
of multiple Ca2+ ions is able to substitute for the instantaneous binding of multiple 
Ca2+ ions implied by Eq. 2.2 [Nguyen et al., 2005]. This sets to rest the concern 
that the simplicity of the two-state Ca2+ -activated channel model that is the focus of 
this chapter somehow makes it more likely for stochastic attrition to occur. In future 
work we hope to more fully explore the relationship between single channel kinet-
ics and stochastic Ca2+ excitability using more complex and realistic single channel 
models and, when possible, relaxing the assumptions of mean-field and instantaneous 
coupling. 
Finally, it is important to note that the question of whether stochastic attrition is 
a theoretical possibility is model and parameter-dependent and must be determined 
on a case-by-case basis. The observation that Ca2+inactivation is not a requirement 
for puff- and spark-like dynamics in the simulations presented here is intriguing, be-
cause Ca2+ inactivation and the 'bell-shaped' curve relating [Ca2+] to channel open 
probability does not apply to all IP3 R and RyR isoforms [Hagar et al., 1998, Ramos-
Franco et al., 1998, Boatman and Lipp, 1999]. However, we should remind ourselves 
that whether or not stochastic attrition, Ca2+ inactivation, adaptation, dissociation 
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of co-agonist, or other mechanism determines Ca2+ puff or spark duration in any 
particular cell type is an empirical question [Sham et al., 1998,Marchant and Parker, 
1998]. But in spite of these caveats it seems reasonable to interpret the robust Ca2+ 
puffs/sparks observed in these simulations of coupled two-state channels as a demon-
stration that the phenomenon of stochastic attrition may contribute more significantly 
to the termination of stochastic Ca2+ release events than previously supposed. 
2.6 Conclusion 
This chapter clarifies the role of stochastic attrition as a plausible puff and spark 
termination mechanism. Importantly, we have found that for simulated Ca2+ release 
sites composed of instantaneously coupled and mean-field coupled two-state channels, 
stochastic attrition is sufficient as a termination mechanism when cooperative Ca2+ 
binding is included in the single channel model. Furthermore, it is significant that we 
observed stochastic Ca2+ excitability terminating via stochastic attrition even when 
the Ca2+ release site is composed of large numbers of channels (e.g., N = 100). These 
findings are important because they directly contradict previously published results 
indicating that stochastic attrition is an unrealistic puff/ spark termination mechanism 
for a Ca2+ release site composed of independent two-state channels. While we note in 
Sec. 2.5 that the assumption of instantaneous coupling is a limitation of the analysis 
of stochastic attrition presented here, we point the interested reader to [Huertas and 
Smith, 2007], a study indicating that stochastic attrition can lead to the termination 
of simulated Ca2+ puffs and sparks even when the Ca2+ coupling is modeled as a time-
dependent process. This chapter also assumes that channels are mean-field coupled, 
meaning that they have no specific spatial positions at the Ca2+ release site. Chapter 
3 investigates the validity of this approximation technique and also studies whether 
including slow Ca2+ -dependent inactivation in a single channel model makes channels 
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less sensitive to their exact spatial locations at the Ca2+ release site. 
2. 7 Appendices 
2. 7.1 Stochastic attrition time constant for independently 
gating channels 
In order to quantify the possible contribution of stochastic attrition to the termina-
tion of puffs and sparks, investigators have roughly estimated the rate of termination 
events (kattrit) in a cluster of N uncoupled and independent channels toggling between 
open and closed states with mean open time To and open probability p0 [Stern, 
1992, Stern and Cheng, 2004]. Assuming the channels are not only identical but 
also independent, the steady-state number of open channels ( N 0 ) is binomially dis-
tributed, that is, 
where 0 :::; n :::; N. Conditioning the above distribution on N 0 =/= 0 gives 
where 0 :::; n :::; N. The rate of extinction events (that is, No = 1 to No = 0 
transitions) is obtained by multiplying Pr{N0 = 1INo =I= 0} by the No = 1 ---t 0 
transition rate constant (k_ = 1/To ), 
N(1 -Po )N-1Po 
kattrit = k_ ( )N · 1- 1- Po 
This expression is then inverted to give Eq. 2.1, the time constant for stochastic 
attrition for N uncoupled and independently gating two-state channels. 
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2. 7.2 Expected time until stochastic attrition for coupled 
two-state channels 
The expected time until stochastic attrition for coupled two-state channels can be 
derived using Hill's diagrammatic method for calculating the mean absorption time on 
a terminating Markov chain [Hill, 1989]. Beginning with the transition-state diagram 
for N coupled two-state channels (Fig. 2.10A), a modified transition-state diagram 
(Fig. 2.10B) is constructed by eliminating the absorbing state (No = 0). Next, any 
transitions leading to the absorbing state (here q10 is the only one) are redrawn so 
that the destination state is the initial state of the Markov chain (here No = 1). 
Thus, the modified transition diagram of Fig. 2.10B corresponds to a Markov chain 
where, upon absorption into state No = 0, a new process immediately begins in state 
N 0 = 1. Figure 2.10C shows the modified transition-state diagram that results when 
state N0 = N is the initial state of the Markov chain. 
The stationary distribution of the modified transition diagram can be found by 
considering the transition rates directed toward each of the N states in Fig. 2.10B. 
After nondimensionalization, these rates are 
qn,n-1 = n and 
where 1 ::; n ::; N (recall that the state where N0 = 0 has been removed). We 
indicate the transition rates directed toward state n as Zn and write, 
N! N! n-l A 
Zn = - 1 • ( N _ ) I II Ci n. n. 
i=l 
where the first term is the product of the downward transition rates ili,i-l from i = N 
ton+ 1 and the second term is the product of the upward transition rates ili,i+l from 
i = 1 to n - 1. The stationary probability distribution 1r = ( 7f n) can thus be written 
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Figure 2.10: (A) The topology of the transition-state diagram for N coupled two-
state channels (Eq. 2. 7). Solid lines represent bidirectional transitions between states 
(0 :::; N0 :::; N). The transition rate from state N0 = i to state N0 = j is given 
by % in Eq. 2.8. (B), (C) Modified transition-state diagrams used to calculate the 
expected time until absorption into state No = 0 when the initial state is N0 = 1 and 
No= N, respectively. A unidirectional transition from the absorbing state (No = 0) 
to the initial state (No = 1 in B and No= N in C occurs at rate q10 . 
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as 
and, furthermore,the stationary probability of the modified Markov chain being in 
state N0 = 1 is 
_ { N -1 [ ( N _ 1)! n ~77] } - 1 
7r 1 - 1 + ~ ( n + 1)! ( N - 1 - n)! g ci (2.20) 
where ci = c00 + ic* and c00 =coo/ K and c* = c*/ K are the dimensionless background 
[Ca2+) and dimensionless coupling strength, respectively (Eq. 2.17). Finally, the mean 
first passage time to absorption can be calculated as the inverse of the steady-state 
probability flux, which in its dimensional form is kattrit = qwn1 where q10 = k-
(Eq. 2.2). The stochastic attrition time constant is thus Tattrit = 1/kattrit = 1/k-7r1 
as shown in Eq. 2.19. 
While Hill's diagrammatic method is also applicable when the initial number of 
open channels is No = N, the analytical formula (not shown) becomes more cumber-
some due to the cycle present in the modified transition-state diagram (Fig. 2.10C). 
In this case we have found it more convenient to numerically calculate the expected 
time to stochastic attrition using Eq. 2.14. 
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Chapter 3 
Calcium release site ultrastructure 
and the dynamics of puffs and 
sparks 
3.1 Summary 
When Markov chain models of intracellular Ca2+ -regulated Ca2+ channels are coupled 
via a mathematical representation of a Ca2+ microdomain, simulated Ca2+ release 
sites may exhibit the phenomenon of "stochastic Ca2+ excitability" reminiscent of 
Ca2+ puffs and sparks. Interestingly, some single channel models that include Ca2+ 
inactivation are not particularly sensitive to channel density, so long as the require-
ment for inter-channel communication is satisfied, while other single channel models 
that do not include Ca2+ inactivation open and close synchronously only when the 
channel density is in a prescribed range. This observation led us to hypothesize that 
single channel models with Ca2+ inactivation would be less sensitive to the details of 
release site ultrastructure than models that lack a slow Ca2+ -inactivation process. To 
determine if this was the case, we simulated Ca2+ release sites composed of instanta-
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neously coupled Ca2+ -regulated Ca2+ channels whose random spatial locations were 
chosen from a uniform distribution on a disc of specified radius, and compared the 
resulting release site dynamics to simulations with channels arranged on hexagonal 
lattices. Analysis of puff/spark statistics confirmed our hypothesis that puffs and 
sparks are less sensitive to the spatial organization of release sites when the single 
channel model includes a slow inactivation process. We also investigated the validity 
of several different mean-field reductions that do not explicitly account for the de-
tails of release site ultrastructure. The most successful approximation maintains a 
distinction between each channel's substantial influence on its own stochastic gating 
and the collective contribution of elevated [Ca2+] from neighboring channels. 
The results of this chapter have been presented as "Calcium release site ultrastruc-
ture and the dynamics of puffs and sparks" in Mathematical Medicine and Biology [H 
DeRemigio, JR Groff, and GD Smith, in press]. The author gratefully acknowledges 
JR Groff whose primary contribution to the work was the formulation of the algorithm 
used to numerically simulate Ca2+ release sites. Perliminary results were presented in 
poster form at the 2007 Biophysical Society Annual Meeting in Baltimore, Maryland. 
3.2 Introduction 
Localized Ca2+ elevations known as Ca2+ puffs and sparks are cellular signals of 
great interest that arise from the cooperative activity of clusters of inositol 1,4,5-
trisphosphate receptors (IP3Rs) and ryanodine receptors (RyRs). Calcium puffs and 
sparks are not only the building blocks of global Ca2+ release events in eukaryotic cells, 
but they are also highly specific regulators of cellular function [Berridge, 1993, Cheng 
et al., 1993,Cheng et al., 1996,Berridge, 1997,Berridge, 1998]. 
The relationship between single channel kinetics and the dynamics of localized 
Ca2+ release is complicated by the short range of action of intracellular Ca2+ [Allbrit-
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ton et al., 1992] and the co-localization of intracellular Ca2+ channels at Ca2+ release 
sites on the surface of the endoplasmic reticulum (ER) or sarcoplasmic reticulum 
(SR). For example, in the cortical regions (approximately 6 j.J.,m below the plasma 
membrane) of immature Xenopus laevis oocytes, IP3Rs occur in clusters of 5-50 with 
inter-cluster spacing on the order of a few microns [Sun et al., 1998]. IP3Rs are also 
clustered on the surface of the outer nuclear membrane of Xenopus oocytes [Mak and 
Foskett, 1997]. Similarly, intracellular Ca2+ release in skeletal and cardiac myocytes 
is mediated by clusters of RyRs that are assembled into paracrystaline arrays of 50-
250 cooperatively gating channels [Franzini-Armstrong et al., 1999, Bers, 2002, Wang 
et al., 2004, Chen-Izu et al., 2006]. 
The spatial organization of IP3Rs and RyRs is the basis of three distinct modes of 
Ca2+ mobilization that have been observed via confocal microfluorimetry in oocytes, 
cardiomyocytes, and many other cell types: 1) localized Ca2+ elevations due to the 
activation of single channels that are referred to as Ca2+ blips or quarks depending 
on whether the event is mediated by IP3Rs or RyRs [Niggli, 1999, Boatman et al., 
1997], 2) Ca2+ puffs and sparks that arise from the activation of multiple channels 
associated with a single Ca2+ release site [Cheng et al., 1993, Cannell et al., 1995, Yao 
et al., 1995, Parker et al., 1996], and 3) global responses such as oscillations and 
waves that involve multiple release sites [Dupont et al., 1991, Dupont and Goldbeter, 
1992, Dupont and Goldbeter, 1994, Cheng et al., 1996]. These three modes of Ca2+ 
release have been dubbed fundamental, elementary, and global responses, respectively 
[Berridge, 1997]. 
It was mentioned briefly in Chapter 1 that the expression of IP3 Rs and RyRs 
is organism and cell specific, and there is also remarkable variability in the spatial 
arrangement of these intracellular channels. In contrast to the paracrystaline arrays 
of RyRs observed in skeletal and cardiac myocytes, RyRs are diffusely distributed 
throughout the ER of human embryonic kidney cells [Rossi et al., 2002]. In antigen-
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stimulated rat basophilic leukemia cells, diffusely distributed type 2 IP3Rs redistribute 
on the ER membrane to form large isolated aggregates [Wilson et al., 1998]. In oligo-
dendrocyte progenitors, IP3Rs and RyRs co-localize within Ca2+ release sites [Haak 
et al., 2001]. While IP3Rs and RyRs are both expressed in leukocytes, the intracel-
lular distribution of the channels is variable. For instance, in monocytes, IP3Rs are 
diffusely distributed throughout the cell, while RyRs are arranged in clusters [Clark 
and Petty, 2005]. In stark contrast to the case of skeletal and cardiac myocytes, in 
Xenopus oocytes, rat basophilic leukemia cells, and many other cell types mentioned 
above, little is known about the details of Ca2+ release site ultrastructure, that is, 
the precise position of intracellular Ca2+ channels within a given cluster. 
Several groups have presented simulations [Rios and Stern, 1997, Swillens et al., 
1998, Swillens et al., 1999, Stern et al., 1999, Shuai and Jung, 2002, Rengifo et al., 
2002, Shuai and Jung, 2003, Hinch, 2004, Nguyen et al., 2005, Mazzag et al., 2005, 
DeRemigio and Smith, 2005] demonstrating that Ca2+ puffs and sparks may arise 
from the cooperative activity of clusters of intracellular Ca2+ channels modeled as 
continuous-time discrete-state Markov chains; for review of simulation methods see 
[Colquhoun and Hawkes, 1995, Smith, 2002b]. These calculations have established 
that when Ca2+ -regulated Ca2+ channel models are coupled via a time-dependent or 
time-independent Ca2+ microdomain, simulated Ca2+ release sites may exhibit the 
phenomenon of "stochastic Ca2+ excitability" where the IP3Rs or RyRs open and close 
in a concerted fashion. Allosteric interactions between intracellular Ca2+ channels 
may lead to synchronization [Stern et al., 1999, Groff and Smith, 2007, Groff and 
Smith, 2008b], but such direct coupling is not required [Nguyen et al., 2005,DeRemigio 
and Smith, 2005, Swillens et al., 1999]. Rather, Ca2+ puffs and sparks can readily be 
observed when the coupling between single channel models is mediated entirely via 
the buffered diffusion of intracellular Ca2+ simulated through numerical solution of a 
system of nonlinear reaction-diffusion equations. In the above mentioned studies, the 
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specific single channel model chosen, the release site geometry, and the description 
of the cytosolic milieu all contribute to the measured statistics of simulated puffs 
and sparks such as amplitude, duration, and inter-event interval. The IP3R or RyR 
models used often include transitions representing fast Ca2+ activation and slower 
Ca2+ inactivation, two phenomena that have been repeatedly (but not uniformly) 
observed in single channel recordings from planar lipid bilayer and nuclear patch 
experiments [Fill and Copello, 2002,Hagar et al., 1998,Mak and Foskett, 1997,Moraru 
et al., 1999,Ramos-Franco et al., 1998,Bezprozvanny et al., 1991]. 
Although the biophysical theory relating the single-channel kinetics of IP3 Rs and 
RyRs to the collective phenomena of Ca2+ puffs and sparks is not well-developed, 
Markov chain models of coupled intracellular Ca2+ channels give insight into the 
dynamics of Ca2+ puffs and sparks. Several investigators have observed a requirement 
of significant inter-channel communication in the genesis of Ca2+ puffs and sparks, 
that is, low density Ca2+ release sites exhibit a low puff-to-blip ratio or may not exhibit 
stochastic excitability at all [Swillens et al., 1999]. The stochastic Ca2+ excitability 
exhibited by coupled Ca2+ channels that include both Ca2+ activation and Ca2+ 
inactivation can be eliminated by modifying Ca2+ -inactivation rates. 
In previous work we have found that a four-state IP 3R model with Ca2+ inactiva-
tion is not particularly sensitive to the density of channels when these channels are 
regularly arranged on a hexagonal lattice at simulated release sites, so long as the 
requirement for inter-channel communication is satisfied. In this same study we found 
that two-state channels that not include Ca2+ inactivation will open and close in a 
synchronous fashion only when the channel density is in a prescribed range [Nguyen 
et al., 2005]. This observation led us to hypothesize that single channel models that 
include Ca2+ inactivation would be less sensitive to the details of release site ultra-
structure than single channel models that lack a slow Ca2+ -inactivation process. 
To determine if this was the case, we considered a two-state Markov chain model 
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of a Ca2+-activated intracellular Ca2+ channel (Section 3.3.1) and, for comparison, 
two different three-state single channel models. Both three-state models include 
fast Ca2+ -dependent activation; however one contains Ca2+ -dependent inactivation 
(Section 3.3.2), while the other has a Ca2+-independent inactivation process (Sec-
tion 3.3.3). When these single channel models were instantaneously coupled via 
reaction-diffusion equations representing the buffered diffusion of intracellular Ca 2+, 
the resulting Ca2+ release site models exhibited stochastic Ca2+ excitability reminis-
cent of Ca2+ puff and sparks (Sections 3.3.4~3.4.1). To test our hypothesis that Ca2+ 
puffs and sparks are less sensitive to the spatial organization of release sites when the 
single channel model includes a slow Ca2+-inactivation process, we performed simula-
tions where the channels were arranged randomly according to a uniform distribution 
on a disc of specified radius and compared these results to simulations with channels 
arranged on hexagonal lattices with functionally equivalent inter-channel distances 
(Section 3.4.2~3.4.3). In addition to confirming our hypothesis, these simulations 
provided an opportunity to investigate the validity of several different mean-field ap-
proximations to Ca2+ release site dynamics that do not explicitly account for the 
details of release site ultrastructure (Section 3.4.4). 
3.3 Formulation of Model 
3.3.1 A two-state channel model with Ca2+ activation 
We begin this study by reminding the reader of a two-state channel that is activated 
by Ca2+ 
(closed) C 0 (open) (3.1) 
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Figure 3.1: (A) Steady-state open probability no of the two-state model (dotted line), 
three-state model with Ca2+ inactivation (solid line), and three-state model with Ca2+-
independent inactivation (dashed line) given by Eqs. 3.4, 3.6, and 3.9 respectively, as 
functions of the background [Ca2+] (c00 ). Two-state model parameters: 77 = 2, k+ = 1.5 
f.LM- 2ms-1 , k- = 0.5 ms-1 . Three-state model with Ca2+ -dependent inactivation param-
eters: 77 = 2, k;t = 1.5 f.LM- 2ms-I, k;; = 0.5 ms- 1 , k: = 0.001 f.LM- 2ms- 1, k"b = 0.01 
ms-1 . Three-state model with Ca2+ -independent inactivation parameters: 77 = 2, k;t = 
1.5 J.LM- 2ms-1 , k;; = 0.5 ms-1 , k: = k"b = 0.01 ms-1 . (B) no of the three-state model 
with Ca2+-dependent inactivation for two different dissociation constants (Kb) for Ca2+-
mediated inactivation. Using Kb = 3.16 J.LM the thin solid line shows no and the thin dashed 
line shows the steady-state probability that the channel is not refractory (1-nn = no+nc). 
The thick solid and dashed lines show no and 1 - nn for Kb = 15.8 J.LM. (C) no of the 
three-state single channel model with Ca2+ inactivation for Kb = 3.16 fLM and different 
domain Ca2+ concentrations: Cd = 0 (solid line), 1 (dashed line), 2 (dot-dashed line), and 3 
fLM (dotted line). Other parameters as in B. 
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where k+c"b and k- are transition rates with units of reciprocal time, k+ is an as-
sociation rate constant with units of conc-1J time-1 , 77 is the cooperativity of Ca2+ 
binding, and c00 is the fixed local background [Ca2+]. 
We write the stationary (time-independent) probability of being in state i as ni and 
the stationary probability distribution as the row vector 7r = (nc, n0 ). The stationary 
distribution satisfies both conservation of probability Cz::::i ni = 1) and global balance, 
that is, the probability fluxes into and out of each state are equal, 
(3.2) 
These conditions can be written compactly as 
1rQ = 0 subject to 1re = 1 (3.3) 
where 1re is an inner product and e is a commensurate column vector of ones. Thus, 
for a two-state channel activated by Ca2+, nc + no = 1 and 
(3.4) 
where K1J = k- / k+. Figure 3.1A (dotted line) shows that the open probability (no) 
of this two-state channel model increases with higher background [Ca2+] (c00 ), and 
because there is no Ca2+ inactivation present in the single channel model, n0 --+ 1 as 
C00 --+ 00. 
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3.3.2 A three-state channel model with Ca2+ activation and 
Ca2+ inactivation 
A state-transition diagram for a three-state channel model with both fast Ca2+ acti-
vation (C -----+ 0) and slower Ca2+ -mediated inactivation ( 0 -----+ R) is 
c 0 (3.5) 
where R corresponds to a long-lived closed state. Assuming Ca2+ microdomain for-
mation and collapse are fast processes compared to channel gating [Nguyen et al., 
2005, Mazzag et al., 2005], the Ca2+-mediated transition rate out of the open state 
is given by kt(coo + cd)""1 where c00 is the background [Ca2+] and cd is the domain 
[Ca2+], that is, the increase in local [Ca2+] above background experienced by the 
Ca2+ -regulatory site when the channel is open. 
When the channel is not conducting Ca2+, the domain [Ca2+J is zero (cd = 0) and 
the steady-state probability distribution of the three-state model is 
(3.6) 
where K{ = ki /k{ fori E {a, b} and D = K~K~ + K~c~ + c~. The solid line 
in Fig. 3.1A shows how the open probability of the three-state channel increases 
and then decreases with increasing background [Ca2+]. This is due to the Ca2+ 
inactivation present in the single channel model which causes 1ro -----+ 0 and 7rn -----+ 1 
as C00 -----+ oo. For the three-state single channel model with both Ca2+ activation and 
Ca2+ inactivation, Fig. 3.1B shows the steady-state open probability given by Eq. 3.6 
for two different values of the dissociation constant for Ca2+ inactivation (Kb)· The 
thin solid and dashed lines show the steady-state open probability ( 7ro) and the 
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steady-state probability that the channel is not refractory (1 - Jrn = 1r0 + 1rc) as a 
function of background [Ca2+] using Kb = 3.16 t-tM. For comparison, the thick solid 
and dashed lines show Jro and 1- Jrn when the dissociation constant for inactivation 
is increased five-fold (Kb = 15.8 t-tM). 
When Ca2+ is the current carrier, the domain [Ca2+] is positive (cd > 0) and the 
steady-state probability distribution of the three-state model is given by 
K"~K"~ 
7f 
_ a b 
c- D 
(3.7) 
where K{ = ki /kt fori E {a, b} and D = K~K~ +K~c~ +c~(c00 +cd)"~. Figure 3.1C 
shows how changing the value of the domain Ca2+ concentration (cd) affects the 
steady-state open probability of the three-state model. Increasing cd from 0 (solid 
line) to more elevated values (broken lines) decreases the bell-shaped steady-state 
open probability curve for all values of the bulk [Ca2+] ( c00 ). 
3.3.3 A three-state channel model with Ca2+ -independent 
inactivation 
For comparison to the model presented in Section 3.3.2, some simulations will include 
a three-state channel model with fast Ca2+ activation and slower Ca2+ -independent 
inactivation given by 
c (3.8) 
where R again corresponds to a long-lived closed state, but the 0 ----t R transition 
does not require binding of Ca2+. Under the assumption of fast Ca2+ microdomain 
formation and collapse, the steady-state open probability of this model does not 
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depend on the domain [Ca2+] (cd) and is given by 
(3.9) 
where K2 = k;; /kt, Kb = kt; /kt, and D = K2Kb + Kbc2o + c2o. The dashed line 
in Fig. 3.1A shows how the open probability of the three-state channel increases 
with increasing background [Ca2+] to the maximum steady- state open probability of 
3.3.4 Coupled Ca2+ -regulated Ca2+ channels 
In our initial model formulation, the interaction between channels in the Ca2+ release 
site model is mediated through the buffered diffusion of intracellular Ca2+ [Nguyen 
et al., 2005]. Each channel contributes to the [Ca2+] profile throughout the Ca2+ 
release site-the so-called Ca2+ microdomain-and influences the local [Ca2+] expe-
rienced by other channels (see Fig. 3.2). As in the case of the single channel models 
presented above, we assume that the formation and collapse of individual peaks within 
the Ca2+ microdomain occur quickly compared to channel gating. We also assume the 
validity of superposing local [Ca2+] increases due to each of the N channels [Naraghi 
and Neher, 1997, Smith et al., 2001]. Thus, channel interactions can be summarized 
by anN x N 'coupling matrix' C = (cij) that gives the increase over c= experienced 
by channel j when channel i is open. The diagonal elements of C represent the quan-
tity denoted above as domain [Ca2+] (cd), the increase in [Ca2+] above background 
that an open channel contributes to its own Ca2+ regulatory site [Nguyen et al., 2005]. 
To specify the values of the coupling matrix C we assume channels are localized 
on a planar ER membrane (z = 0). If we write ri = xd; + yi'[) as the position of the 
pore of channel i, then assuming one high concentration Ca2+ buffer, the local [Ca2+] 
at position r = xx + yf) + zz given by the 'excess buffer approximation' is [Neher, 
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1986, Smith et al., 2001] 
L (J· c(r) =Coo+ t e-lr;-rl/.>.. 
. 2n Dlri- r! 
2 
(3.10) 
where rJi is the source amplitude of channel i, .\ is the buffer length constant, and D 
is the diffusion constant for free Ca2+. If we assume identical source amplitudes, 
channel i closed 
channel i open, 
and write a1 as the position of the Ca 
2+ regulatory site for channel j, the increase in 
Ca2+ experienced by channel j when channel i is open is given by 
Assuming the regulatory sites are located a small distance r d above the channel pores, 
off-diagonal elements of the coupling matrix C = ( ciJ) are 
(i=/=j), (3.11) 
and the diagonal elements of C are identical and given by 
(3.12) 
Notice that rij = rji implies that the interaction matrix is symmetric ( cij = Cji)· 
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A B 
1.5 J.UTI 
Figure 3.2: (A,B) Using the excess buffer approximation (Eq. 3.10), the local [Ca2+], 
c(x, y, z = rd), is shown at the level of the Ca2+ regulatory sites of 19 open channels with 
positions chosen from a uniform distribution on a disc (white circle) of radius R = 2.0 and 
0.5 J-Lm, respectively. Parameters used: r70 = 0.05 pA, D = 250 J-LM2 s- 1, >. = 5 J-Lm, and 
rd = 0.05 J-Lm. Grayscale ranges from 50 nM (c00 , black) to 100 J-LM (white). 
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3.3.5 Release site ultrastructure 
While the source amplitude of the channels (O"i), the free Ca2+ diffusion coefficient 
(D), and the buffer length constant (.A) that appear in Eq. 3.10 influence the coupling 
matrix C, equally important is the release site ultrastructure, that is, the spatial 
location of the channels that make up a given Ca 2+ release site. In the Ca 2+ release site 
simulations that are the focus of this chapter, channels will be regularly arranged in a 
hexagonal lattice as in previous work [Nguyen et al., 2005] or, alternatively, channels 
will have positions randomly chosen from a two-dimensional uniform distribution on 
a disc of radius R. Figure 3.2A shows the Ca2+ microdomain exhibited by an example 
release site with 19 randomly positioned channels (R = 2.0 JJID). When channels are 
randomly arranged it is often the case that the minimum inter-channel distance can 
be quite small (0.06 JJID in Fig. 3.2A as opposed to 1 JJID for a 19-channel hexagonal 
lattice of the same radius). Nevertheless, decreasing the release site radius for this 
release site with randomly positioned channels (0.5 JJm in Fig. 3.2B) increases the 
average local [Ca2+] that channels experience when all 19 channels are open (5.28 
and 12.55 JJID, respectively). The observable [Ca2+] that could in principle be back-
calculated from a confocal microfiuorometric measurement corresponds to the average 
[Ca2+] in a specified volume near the release site, for example, 
1 1z lil lx Cavg (t) = 
4
_ __ c(x, y, z, t) dx dy dz, 
xyz o -iJ -x 
(3.13) 
where x, y, and z determine the extent of the spatial averaging and c(x, y, z, t) depends 
on the state of each channel through Eq. 3.10. 
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Figure 3.3: Representative Ca2+ release site simulation using 19 two-state channels ar-
ranged on a hexagonal lattice exhibits stochastic Ca2+ excitability reminiscent of Ca2+ 
puffs/sparks. The time evolution of the number of open (No) channels is plotted as well as 
the spatially averaged [Ca2+] (cavg) near the release site given by Eq. 3.13. Parameters: R 
= 2.15 f-Lm, c= = 0.1 t-LM, o-0 = 0.05 pA, D = 250 f-LM- 2s-l, .X = 5 f-Lm, Tl = 2, k+ = 1.5 
f-LM- 2ms- 1, k- = 0.5 ms- 1, rd = 0.05 f-Lm, x = iJ = R, z = R/2. Increased source amplitude 
(o-o = 0.9 pA) and decreased the affinity for Ca2+ binding (k+ = 0.04 f-LM- 2ms-l, k- = 1 
ms- 1 ) results in sparks with ten-fold higher amplitude (not shown). 
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3.4 Results 
3.4.1 Representative Ca2+ release site simulations 
Figures 3.3 and 3.4 show example simulations~performed using Gillespie's method 
[Gillespie, 1977J~of Ca2+ release sites composed of two-state (Eq. 3.1) and three-
state (Eq. 3.5) models, respectively. Note that 19 two-state channels arranged in 
a hexagonal lattice lead to 219 = 524, 288 configurations~45,336 of which are dis-
tinguishable when accounting for rotational and reflective symmetries of the Ca2+ 
release site~but for simplicity Fig. 3.3 shows the number of open channels (N0 ) 
as a function of time with the understanding that the number of closed channels 
is given by Nc = N- N 0 . Figure 3.3 also shows the fluctuating spatially averaged 
[Ca2+] (cavg) near the release site given by Eq. 3.13 that corresponds to the observable 
[Ca2+] that could in principle be back-calculated from a confocal microfluorometric 
measurement. Similarly, Fig. 3.4 shows the time evolution of the number of open 
(No) and refractory (Nn) channels in a Ca2+ release site composed of 19 three-state 
channels with Ca2+ -dependent inactivation. Both Figs. 3.3 and 3.4 exhibit stochastic 
Ca2+ excitability reminiscent of Ca2+ puffs/sparks, that is, the expected number of 
open channels is low (E[N0 ] = 2), but occasionally a large number of channels open 
simultaneously and N0 increases to between 10 and 19. 
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Figure 3.4: Representative Ca2+ release site simulation using 19 three-state channels 
with Ca2+ -dependent inactivation arranged on a hexagonal lattice shows robust Ca2+ 
puffs/sparks. The time evolution of the number of open (No) and refractory (Nn) channels 
is shown. Parameters as in Fig. 3.3 with R = 1.78 J-Lm. 
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Because there are a finite number of intracellular Ca2+ channels at a release site, 
there is always a chance that all of them will close simultaneously, a mechanism re-
ferred to as stochastic attrition [Stern, 1992, Stern and Cheng, 2004, DeRemigio and 
Smith, 2005]. Because Ca2+ inactivation is absent in the two-state single channel 
model (Eq. 3.1), the Ca2+ puffs/sparks shown in Fig. 3.3 must be terminating via 
stochastic attrition. In contrast, the three-state single channel model (Eq. 3.5) in-
cludes a long-lived closed (i.e., refractory) state. In simulated Ca2+ puffs/sparks using 
this model (Fig. 3.4), the number of refractory channels increases throughout the du-
ration of puff/spark events, suggesting that the puff/spark termination mechanism 
includes Ca2+ inactivation as well as stochastic attrition (recall Chapter 2). 
To quantify the robustness of the stochastic Ca2+ excitability exhibited in Figs. 3.3 
and 3.4, we use a response measure whose value correlates well with the presence of 
puffs/sparks in Ca2+ release site simulations [Nguyen et al., 2005]. The puff/spark 
Score is the index of dispersion of the fraction of open channels given by 
1 Var[NoJ 
Score= N E[No]. (3.14) 
This Score takes values between 0 and 1, with values greater than approximately 
0.3 corresponding to the presence of robust Ca2+ puffs/sparks. For the stochastic 
trajectories shown in Figs. 3.3 and 3.4, the Scores are 0.40 and 0.37, respectively. 
Another response measure of interest is the expected fraction of open channels at the 
release site, 
1 
fo = NE[No]. (3.15) 
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3.4.2 Ca2+ inactivation and release site dynamics - regu-
larly arranged channels 
In Ca2+ release site simulations where channel positions are explicit, the radius of the 
release site influences puff/spark statistics such as the fraction of open channels (!0 ) 
and the Score (Eq. 3.14) [Nguyen et al., 2005]. To determine whether Ca2+-regulated 
channels that include Ca2+ inactivation are less sensitive to release site radius than 
Ca2+ channels that are activated but not inactivated by Ca2+, we calculate fo and 
Score as functions of R for release sites composed of two-state channels without Ca2+ 
inactivation or three-state channels with Ca2+ -dependent inactivation Figs. 3.5 and 
3.6). 
The filled circles in Figure 3.5 correspond to release site simulations where 19 two-
state channels are arranged on a hexagonal lattice, while the filled and open squares 
show results for 19 three-state channels. Figure 3.5A shows that for release sites 
composed of two-state Ca 2+ -activated channels, the fraction of open channels (! 0 ) is 
an increasing function of release site density, that is, when R is small fo approaches 
1. Conversely, the Ca2+ inactivation mechanism of the three-state channel model 
prevents release sites from being tonically active at high density (open squares in 
Fig. 3.5A). In this case the fraction of refractory channels (in) increases with release 
site density, that is, the three-state channels with both Ca2+ activation and Ca2+ 
inactivation tend to inactivate each other when R is small (open squares show fn 
approaching 1). For both of these models there is little Ca2+ excitability for release 
site radii larger than 2 p,m (!0 approaches 0) because open channels are unable to 
influence the gating of their neighbors when the inter-channel distance is too large. 
Figure 3.5B shows that for release sites composed of either two-state channels 
or three-state channels with Ca2+ -dependent inactivation, the puff/ spark Score is a 
biphasic function of release site density, that is, robust puffs/sparks are observed for 
intermediate values of R. However, there is a broader range of elevated Scores (above 
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0.3) for release sites composed of three-state as opposed to two-state channels (com-
pare filled squares to circles). This indicates that the presence of Ca2+ inactivation 
in single channel models can lead to Ca2+ release sites that are relatively insensitive 
to channel density. 
Figure 3.5C shows the increase of local [Ca2+] (above background) experienced 
by the Ca2+ -regulatory sites of the channels averaged over both time and channel 
position. At high channel density (small R), the average local [Ca2+] is nearly seven-
fold lower for the three-state model with Ca2+ -dependent inactivation than the two-
state model (4.5 vs. 30 J.LM), consistent with the lower fo and higher Score exhibited 
by Ca2+ release sites that include Ca2+ inactivation (Fig. 3.5A and B). 
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Figure 3.5: Filled circles give the fraction of open channels (A), Score (B), and the increase 
in local [Ca2+] above background (C) for a Ca2+ release site composed of 19 two-state 
channels regularly arranged on a hexagonal lattice. Filled squares (alternate y-axis in C) 
give results for 19 three-state channels with Ca2+ -dependent inactivation, and open squares 
in A show the fraction of refractory channels. Puff statistics are plotted as a function of 
the release site radius R. Other parameters as in Fig. 3.3. 
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3.4.3 Ca2+ inactivation and release site dynamics - ran-
domly positioned channels 
While the puff/spark statistics of Fig. 3.5 were obtained from release site simulations 
with channels arranged in a hexagonal lattice, Fig. 3.6A~C shows j 0 , Score, and 
average local [Ca2+] for release sites with channels randomly positioned on discs of 
varying radii (the mean and standard deviation for 25 different configurations are 
shown for each R). Interestingly, these puff/ spark statistics are qualitatively similar 
to Fig. 3.5, suggesting that release sites that include Ca2+ inactivation are relatively 
insensitive to the details of release site ultrastructure as well as channel density. 
Figure 3. 7 A shows representative release site simulations using 19 two-state chan-
nels in which two-state single channel models are randomly positioned on a disc of R 
= 3.16 p,m (chosen because it leads to the maximum Score of 0.34 in Fig. 3.6). The 
time evolution of the number of open channels (No) is shown for three trials, i.e., 
three different release site configurations. In these release sites that do not include 
Ca2+ inactivation, the different channel positions lead to three distinct modes of re-
lease site activity including: blips (top panel), robust puffs/sparks (middle), and a 
tonically active release site (bottom). The histograms of Fig. 3. 7B are estimates of 
the steady-state probability distribution of the number of open channels ('rr), that is, 
the nth element of 7r is defined by 
'fi-n= Pr{No = n} 0 :S n::; N. 
These histograms correspond to puff/spark Scores of 0.12, 0.36, and 0.21, respectively. 
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Figure 3.6: Puff/spark statistics (see Fig. 3.5 legend) for 19 two-state channels and three-
state channels with Ca2+ -dependent inactivation with random positions chosen from a uni-
form distribution. The mean and standard deviation for 25 different release site configura-
tions are plotted for each R. Other parameters as in Fig. 3.3. 
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For comparison, Fig. 3.8A shows representative release site simulations using three 
randomly chosen spatial distributions of 19 three-state channels with Ca2+ -dependent 
inactivation (in this case the optimal R of 2.61 1-hm gives a Score of 0.33). In these 
release site simulations, robust puff/spark activity is observed in spite of the dif-
ferent channel positions used in each trial. In particular, note the similarity of the 
histograms of Fig. 3.8B with Scores in the comparatively narrow range 0.30-0.34 
(cf. Fig. 3.7B). Interestingly, Fig. 3.9 shows that release sites composed of three-
state channels with Ca2+ -independent inactivation are also relatively insensitive to 
the location of individual channels (here R = 2.61 f-Lm leads to an average Score of 
0.31). 
Figure 3.10A shows histograms of the observed fraction of open channels (fo) 
and Score when 19 two-state channels are randomly positioned on a disc of optimal 
radius (see above). In these release site simulations that do not include a slow in-
activation process, 1000 different channel configurations result in a broad range of 
fo (0.01-0.84) and Score (0.02-0.41). Conversely, Fig. 3.10B shows that release sites 
composed of three-state channels with Ca2+ inactivation display puff/spark statis-
tics that are less variable, i.e., the observed fo and Score are in the more restricted 
ranges of 0.03-0.19 and 0.20-0.35, respectively. Figure 3.10C shows that this consis-
tency among puff/spark statistics occurs even when the slow inactivation process is 
Ca2+-independent (Eq. 3.8). In this case fo and Score are in the restricted ranges of 
0.03-0.36 and 0.12-0.37, respectively. The rightmost panels in Fig. 3.10A-C show the 
frequency with which blips (low f 0 , low Score), puffs/sparks (low f 0 , high Score), 
or a tonically active release site (high j 0 , low Score) occur in these 1000 channel 
configurations. For the optimal release site radius used here, simulations involving 
three-state channels with Ca2+ -dependent or Ca2+ -independent inactivation are very 
likely to result in release site activity reminiscent of Ca2+ puff/sparks. Conversely, 
two-state channels without inactivation demonstrate a wider range of release site 
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Figure 3. 7: (A) Representative release site simulations using 19 two-state channels ran-
domly positioned on a disc of R = 3.16 J.Lm. The time evolution of the number of open 
channels (No) is shown for three trials, i.e., three different release site configurations. (B) 
Limiting probability distributions of the number of open channels for the three stochastic 
trajectories shown in A. Other parameters as in Fig. 3.3. 
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Figure 3.8: (A) Representative release site. simulations for 19 three-state channels with 
Ca2+ -dependent inactivation randomly positioned on a disc of R = 2.61 ~-tm. The time 
evolution of the number of open channels (solid line) and the number of refractory channels 
(dotted line) are shown for three trials, i.e., three different release site configurations. (B) 
Limiting probability distributions of the number of open channels for the three stochastic 
trajectories shown in A. Other parameters as in Fig. 3.3. 
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Figure 3.9: (A) Representative release site simulations for 19 three-state channels with 
Ca2+ -independent inactivation randomly positioned on a disc of R = 2.61 p,m. Other 
parameters as in Fig. 3.3. See legend to Fig. 3.8. 
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activity, including both blips and tonically active release, consistent with the three 
representative simulations presented in Fig. 3. 7. 
The spread of the open circles in Fig. 3.11 shows how much variability exists 
in release site simulations that are identical except for channel position (randomly 
selected from a uniform distribution on a disc of radius R). Each open circle is the 
£2-norm of the difference between the probability distribution of the number of open 
channels for two release site simulations (it and it'), that is, 
N 
llc5itjj2 = L(bnn) 2 
n=O 
where bn n is the nth element of bit = it - it'. The black lines in Fig. 3.11 show the 
average £2-norm as a function of R (five configurations leads to 10 distinct comparisons 
for each R). For channel densities likely to lead to puffs/sparks (2 ::::; R ::::; 4 p,m; see 
Fig. 3.6B), elevated average £2-norms indicate that channels without Ca2+ inactivation 
exhibit more varied activity than channels with Ca2+ inactivation (compare Fig. 3.11A 
and B). 
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Figure 3.10: (A) Histograms of observed fraction of open channels (fo, left) and Score 
(center) for 1000 different release site configurations using 19 two-state channels arranged 
according to a uniform distribution on a disc of radius R = 3.16 11m. Two-dimensional 
plot (right) of the fo and Score pairs obtained from the simulation results summarized 
in the left and center panels. (B) Similar puff/spark statistics for 19 three-state channels 
Ca2+ inactivation (R = 2.61 11m). The black histogram (left) shows the observed fraction 
of refractory channels (in) for three-state channels. (C) Puff/spark statistics for 19 three-
state channels with Ca2+-independent inactivation (R = 2.61 11m). Other parameters as in 
Fig. 3.3. 
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Figure 3.11: (A) Open circles show the £2-norm of the difference between the probability 
distribution of the number of open channels for two release site simulations ( ir and ir') for 
19 two-state channels randomly positioned on a disc of radius R = 3.16 p,m. The black line 
shows the average £2-norm for 10 comparisons. (B) Distributions as in A using 19 three-
state channels with Ca2+ -dependent inactivation randomly positioned on a disc of radius 
R = 2.61 p,m. Other parameters as in Fig. 3.3. 
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3.4.4 Validity of two different mean-field approximations 
Below we investigate the validity of several different mean-field approximations to 
Ca2+ release site dynamics that do not explicitly account for the details of release 
site ultrastructure. In these reduced simulations the local [Ca2+] experienced by each 
channel is assumed to depend on the number of open channels at the Ca2+ release 
site, as though the channels were indistinguishable. While prior work has shown that 
mean-field release site simulations result in puff/spark statistics that well-approximate 
the dynamics of release sites with regularly arranged channels [Nguyen et al., 2005], 
the variability observed in simulations with randomly positioned channels (Figs. 3. 7-
3.11) led us to investigate the validity of mean-field reductions for release sites with 
irregular ultrastructure. 
Figure 3.12A and B show the probability distribution of the number of open chan-
nels (N0 , black bars) for 19 two-state channels and three-state channels with Ca2+ 
inactivation arranged on hexagonal lattices of optimal radii (R = 2.15 and 1. 78 {.1m, 
respectively). These simulations used a spatially explicit coupling matrix C = ( cij) 
(Eq. 3.10) and should be considered the 'correct' result. For comparison, Fig. 3.12A 
and B repeat these simulations using a mean-field approximation (white bars) where 
the local [Ca2+] experienced by each channel is 
c =Coo+ cNo where 1 c = N2 2::: Cij· 
i,j 
(3.16) 
Note that this mean-field reduction (white bars) tends to disagree with the spatially 
explicit release site simulation (black bars) for both single channel models used, in 
particular, it severely over-estimates the fraction of open channels at the release site. 
Figure 3.12A and B also show the results of an alternative mean-field approxi-
mation (gray bars) that maintains a distinction between each channel's substantial 
influence on its own stochastic gating and the collective contribution of elevated [Ca2+] 
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from neighboring channels, that is, the local [Ca2+] at experienced by each channel 
is given by 
when closed 
(3.17) 
when open, 
where 
For both single channel models used, this alternative mean-field approximation ap-
pears to work well (compare gray and black bars). 
Let us refer to the original mean-field approximation given by Eq. 3.16 as the 
"Type 1" approximation, while the alternative that treats domain Ca2+ in a special 
way as "Type 2" (Eq. 3.17). To determine if the Type 2 mean-field approximation 
is generally superior to Type 1, Fig. 3.13 presents simulation results for Ca2+ release 
sites with randomly positioned channels and a range of radii. The open (Type 1) 
and filled (Type 2) circles of Fig. 3.13 show the £2-norm of the difference between the 
probability distribution of the number of open channels for two release site simulations 
(-rr and irapp), where iris obtained using a spatially explicit release site and irapp is 
one of the mean-field approximations. The black lines of Fig. 3.13 give the average 
£2-norm obtained from 10 random release site configurations. 
Figure 3.13A and B show that for both two-state channels with Ca2+ activation 
and three-state channels with both Ca2+ activation and Ca2+ inactivation, the Type 
2 approximation results in smaller £2-norms than the Type 1 approximation over the 
entire range of release site radii considered, indicating that this approximation usually 
works best. The Type 1 mean field approximation becomes inaccurate at large release 
site radii (open circles), presumably because including the contribution of domain 
Ca2+ (cii in Eq. 3.16) in the calculation of c leads to an overestimate of the rate of 
Ca2+ -mediated transitions out of closed states. While the Type 2 approximation is 
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Figure 3.12: (A) Black, white, and gray bars show the probability distribution of the 
number of open two-state channels for a Ca2+ release site simulated using the full model 
(hexagonal lattice with R = 2.15 p,m, Eq. 3.10), the Type 1 mean-field approximation 
(Eq. 3.16), and the Type 2 mean-field approximation (Eq. 3.17). (B) Statistics as in A for 
three-state channels with Ca2+-dependent inactivation (R = 1.78 p,m). Other parameters 
as in Fig. 3.3. 
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generally superior to Type 1 regardless of the single channel model used or release 
site ultrastructure, it performs better in the case of the three-state channels described 
in Eq. 3.5. 
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Figure 3.13: (A) Open circles show £'2-norm of the difference between the probability distri-
bution of the number of open channels for two release site simulations ('rr and frapp), where 
rr is obtained using a spatially explicit release site where 19 two-state channels randomly 
positioned on a disc of radius R and frapp assumes the Type 1 mean-field approximation 
(Eq. 3.16). Filled circles show results for Type 2 mean-field approximation (Eq. 3.17). Black 
lines show the average £'2-norm for 10 release site configurations. (B) Statistics as in A for 
19 three-state channels with Ca2+-dependent inactivation. Other parameters as in Fig. 3.3. 
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3.5 Discussion 
In this chapter we have investigated whether single channel models that include Ca2+-
dependent or Ca2+ -independent inactivation are less sensitive to the details of release 
site ultrastructure than single channel models that lack a slow inactivation process. 
We limited our study to three single channnel models-a two-state model with Ca2+ 
activation but no Ca2+ inactivation (Eq. 3.1), and two three-state models with Ca2+ 
activation and either a slow Ca2+ -dependent or a Ca2+ -independent inactivation pro-
cess (Eqs. 3.5 and 3.8, respectively). Consistent with previous work [Nguyen et al., 
2005], we have found that simulated Ca2+ release sites with two- or three-state chan-
nels regularly arranged on a hexagonal lattice exhibit stochastic Ca2+ excitability 
reminiscent of Ca2+ puffs/sparks when the release site radius is in a prescribed range 
(see Figs. 3.3-3.4). 
Quantitative estimates of the range of release site radii that lead to puffs/sparks 
will depend on the parameters chosen for the equations for the buffered diffusion 
of intracellular Ca2+, the source amplitude of the channels, and the single channel 
model (see Fig. 3.2). One important qualitative observation in our simulations of 
Ca2+ puffs/sparks is the requirement of significant inter-channel communication for 
release sites to exhibit stochastic Ca2+ excitability [Swillens et al., 1999,Nguyen et al., 
2005]. Interestingly, the observed range of elevated Scores (Eq. 3.14) for release sites 
composed of regularly arranged three-state channels with Ca2+ inactivation is broader 
than that observed for two-state channels with Ca2+ -dependent activation but no 
inactivation (Fig. 3.5B). In the case of three-state channels, the Score drops more 
slowly as the release site radius decreases, indicating that release sites composed of 
channels that include Ca2+ inactivation are less likely to become tonically active than 
release sites composed of two-state channels. 
This chapter establishes that the above mentioned results generalize for release 
sites with random channel positions chosen from a uniform distribution on a disc of 
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radius R (Fig. 3.6B), a finding that is significant because the details of Ca2+ release 
site ultrastructure are unknown for most cell types (see Section 3.2). In simulations 
where the release site radius was chosen to maximize the puff/spark Score, we found 
that two-state channels without Ca2+ inactivation exhibit more varied activity than 
three-state channels with either Ca2+ -dependent or Ca2+ -independent inactivation 
(Figs. 3.7-3.9). These observations and the histograms of fo and Score for release 
sites composed of irregularly arranged two- and three-state channels (Fig. 3.10) have 
confirmed our hypothesis that single channel models with Ca2+ inactivation are in-
deed less sensitive to the details of release site ultrastructure than single channel 
models that lack a slow Ca 2+-inactivation process. Interestingly, we also observed 
that Ca2+ -dependent inactivation is not required for this insensitivity to release site 
ultrastructure, that is, a slow Ca2+ -independent inactivation process is sufficient to 
allow channels to be relatively insensitive to release site ultrastructure (Fig. 3.9). 
3.5.1 Mean-field coupled Ca2+ channels 
The two mean-field approximations considered here neglect release site spatial or-
ganization and instead assume that the local [Ca2+] experienced by each channel 
is a function of the number ~f open channels (Type 1, Eq. 3.16) or the current 
state of the channel and the number of open 'neighbors' (Type 2, Eq. 3.17). Such 
mean-field approximations are important because they can relieve the state-space 
explosion that occurs when N M-state single channel models are coupled. While 
a spatially explicit release site model will have MN distinct states, the mean-field 
reductions that assume indistinguishable channels result in a contracted state space 
of size (N + M- 1)!/(N! (M- 1)!). Although mean field reductions are often used 
in release site simulations either for convenience or out of necessity-e.g., when di-
rectly calculating the stationary distribution from the generator matrix of the release 
site-it is not generally recognized that both the Type 1 and 2 approximations are 
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possibilities [Sobie et al., 2002, DeRemigio and Smith, 2005]. 
In prior work we showed that mean-field results obtained using the Type 2 reduc-
tion agree with puff/spark statistics from a spatially explicit release site simulation 
when channels are regularly arranged in a hexagonal lattice [Nguyen et al., 2005]. 
Consistent with this prior work, we found that the Type 2 mean-field approximation 
is a valid reduction technique for release sites with regularly arranged two-state chan-
nels with Ca2+ activation and three-state channels with Ca2+ -dependent activation 
and inactivation (Fig. 3.12). Importantly, we also were able to validate the Type 2 
approximation for release sites with random channel positions (Fig. 3.13). For the 
three state model with Ca2+-dependent inactivation, we found the the Type 1 mean-
field approximation to be inferior to Type 2, presumably because it is important to 
distinguish between a channel's influence on its own gating ( cd) and the contribution 
from open neighbors ( c* ( N 0 -1)) in this case. However, for the three state model with 
Ca2+ -independent inactivation (Eq. 3.8) and no Ca2+ -mediated 0 -----* n transition, 
the Type 1 and 2 mean-field approximations performed equally well (not shown). 
3.5.2 Time-scale of Ca2+ inactivation 
Our simulations indicate that the presence of slow Ca 2+ inactivation in a single chan-
nel model causes release site dynamics to be less sensitive to channel position. In these 
simulations the dissociation constant for Ca2+ inactivation was approximately 5 fold 
larger than that of Ca2+ activation (Kb/ Ka = 5.5, Eq. 3.5). When the rate of the 
n-----* 0 transition (kt;) is decreased so that Kb/ Ka = 2.75 (not shown), puff/spark 
statistics are largely unchanged, that is, there is a broad range of R values leading to 
Ca2+ puffs/sparks as in Fig. 3.6, in spite of the fact that the dwell time associated 
with the refractory state is much longer. Conversely, doubling kt; so that Kb/ Ka = 11 
leads to shorter refractory state dwell times and puff/spark statistics reminiscent of 
the two-state results shown in Fig. 3.6. Similarly, when the three-state model in-
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eludes Ca2+ -independent inactivation (Eq. 3.8) we find that puff/spark statistics are 
influenced by the time scale of the inactivation process. For example, when k!; = 0.01 
ms- 1 , we observe both broad (k: = 0.01 ms-1 ) and narrow (k: = 0.001 ms- 1 ) ranges 
of R leading to Ca2+ puffs/sparks depending on parameters (recall Fig. 3.6B). Thus, 
the time scale of the inactivation process and its dissociation constant determine the 
sensitivity of puffs/sparks to the density of channels, for both Ca2+ -dependent and 
Ca2+ -independent inactivation. 
3.5.3 Limitations to the study 
Single channel models of IP3Rs and RyRs can be significantly more complicated than 
the two- and three-state models that are the focus of this chapter. For example, a re-
cent IP3R model includes 14 states, 6 of which are open [Fraiman and Dawson, 2004], 
and the well-known DeYoung-Keizer IP3R model includes four eight-state subunits 
for a total of 330 distinguishable states [De Young and Keizer, 1992]. In simulations 
of release sites composed of 19 four-state type 1-like IP3 Rs [Nguyen et al., 2005], 
puff/spark statistics are qualitatively similar to those presented in Figs. 3.5 and 3.6. 
This suggests that it is the presence of inactivation in a single channel model-and 
not any peculiarity of the three-state single channel models used throughout this 
chapter-that influences the sensitivity of release site dynamics to channel position. 
This study has focused on release site simulations where channels are arranged on 
a regular hexagonal lattice or, alternatively, channel positions are randomly chosen 
from a uniform distribution. However, when channels are arranged in a different 
regular pattern (e.g., a square lattice), we observe results that are consistent with 
Fig. 3.5 (not shown). Similarly, when channel positions are randomly chosen from 
a bivariate Guassian distribution, we observe results qualitatively similar to Fig. 3.6 
(not shown). Thus, the conclusion that single channel models that include Ca 2+-
dependent or Ca2+ -independent inactivation are relatively insensitive to the details 
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of release site ultrastructure is not limited to the specific release site geometries used 
in this chapter. 
It is also important to recognize that the assumptions of instantaneous coupling 
via the excess buffer approximation (Eq. 3.10) are limitations to the present study. 
In previous work we have shown that when Ca2+-regulated channel models such as 
Eqs. 3.1, 3.5, and 3.8 are coupled via a time-dependent Ca2+ domain, the time con-
stant for domain formation and collapse can have a strong effect on both the gener-
ation and termination of Ca2+ puffs/sparks [Mazzag et al., 2005, Huertas and Smith, 
2007]. Thus, it remains an open question whether the results presented in this chap-
ter will generalize to situations where the separation of time scales between channel 
kinetics and Ca2+ domain formation and collapse are not well-separated. It is also 
possible that different results would be obtained for instantaneously coupled chan-
nels coupled using the rapid buffer approximation or the full equations for buffered 
diffusion of intracellular Ca2+ [Smith et al., 2001]. 
3.5.4 Conclusion 
This chapter clarifies how the presence of a slow Ca2+ inactivation process in a single 
channel model leads to release sites that are comparatively insensitive to the exact 
spatial positions of channels. Interestingly we found that Ca2+ -mediated inactivation 
is not required for channels to be less sensitive to their exact spatial locations at 
the Ca2+ release site. Instead it is the presence of a slow inactivation process-
whether Ca2+-dependent or Ca2+-independent-and long-lived refractory state that 
accounts for the sensitivity to release site ultrastructure. It is important to note that 
the puff/spark statistics that are reported in this chapter (e.g., the Ca2+ puff/spark 
Score or the probability distribution of the number of open channels) are estimated 
from long Monte Carlo simulations. Because the Ca2+ release sites studied here are 
composed of 19 two- or three-state channels with spatially distinguishable positions, 
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it is impossible to directly calculate these puff/spark statistics from the Q-matrix. 
The following chapter addresses the difficulty of directly calculating the stationary 
distribution by introducing a Kronecker-structured representation of the Ca2+ release 
site model and exploring iterative numerical solution techniques that leverage this 
structure. 
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Chapter 4 
Kronecker representations and 
solution methods for coupled 
calci urn channels 
4.1 Summary 
Mathematical models of calcium release sites derived from Markov chain models of 
intracellular calcium channels exhibit collective gating reminiscent of the experimen-
tally observed phenomenon of stochastic calcium excitability (i.e., calcium puffs and 
sparks). Calcium release site models are stochastic automata networks that involve 
many functional transitions, that is, the transition probabilities of each channel de-
pend on the local calcium concentration and thus the state of the other channels. 
We present a Kronecker structured representation for calcium release site models and 
perform benchmark stationary distribution calculations using both exact and approx-
imate iterative numerical solution techniques that leverage this structure. When it 
is possible to obtain an exact solution, response measures such as the number of 
channels in a particular state converge more quickly using the iterative numerical 
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methods than occupation measures calculated via Monte Carlo simulation. In par-
ticular, multi-level methods provide excellent convergence with modest additional 
memory requirements for the Kronecker representation of calcium release site mod-
els. When an exact solution is not feasible, iterative approximate methods based on 
the power method may be used, with performance similar to Monte Carlo estimates. 
This suggests approximate methods with multi-level iterative engines as a promising 
avenue of future research for large-scale calcium release site models. 
The portion of this chapter that investigates exact solution methods was presented 
in the Proceedings of the Pacific Symposium on Biocomputing [H DeRemigio, P Kem-
per, MD LaMar, and GD Smith, 13:354-365, 2008]. A manuscript based on work that 
comprises the entirety of this chapter is currently under review at Physical Biology. 
The author gratefully acknowledges MD LaMar for his contribution to Figs. 4.3 and 
4.5-4. 7 and the MATLAB code that was used to perform the partitioning studies in 
Sec. 4.5.4. Many thanks to Peter Kemper for his contributions to Sec. 4.4 and for his 
guidance on this project. The author also thanks Peter Buchholz and Tugrul Dayar 
for sharing the numerical package N solve. 
4.2 Introduction 
The stochastic gating of voltage- and ligand-gated ion channels in biological mem-
branes observed by single channel recording techniques is often modeled using continuous-
time discrete-state Markov chains (CTMCs) [Colquhoun and Hawkes, 1995, Smith, 
2002b]. While the scientific literature developing stochastic models for the behavior 
of ion channels is largely focused on single channels or populations of independent 
channels, the application and extension of these techniques to the collective gating 
of interacting ion channels is an important topic of current research. For example, 
interacting aggregated CTMCs have been used by Ball and colleagues to simulate 
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and analyze membrane patches containing several ion channels [Ballet al., 1997, Ball 
and Yeo, 1999]. A second example is the simulation of plasma membrane receptor 
arrays involved in bacterial chemotaxis where conformational energies (and thus tran-
sition rates) depend on the state of neighboring receptors [Duke and Bray, 1999,Duke 
et al., 2001, Bray and Duke, 2004]. A third example, the subject of this disser-
tation, are simulations of clusters of intracellular Ca2+ -regulated Ca2+ channels-
1,4,5-trisphosphate receptors (IP3Rs) and ryanodine receptors (RyRs) located on the 
surface of the endoplasmic reticulum or sarcoplasmic reticulum membrane-that give 
rise to localized intracellular [Ca2+] elevations known as Ca2+ puffs and sparks [Cheng 
' 
et al., 1993, Cheng et al., 1996, Yao et al., 1995, Parker et al., 1996, Berridge, 1997]. 
When Markov chain models of Ca2+-regulated Ca2+ channels are coupled via 
a mathematical representation of buffered diffusion of intracellular Ca2+, simulated 
Ca2+ release sites may exhibit the phenomenon of "stochastic Ca2+ excitability" where 
the IP3Rs or RyRs open and close in a concerted fashion [Swillens et al., 1999,Nguyen 
et al., 2005] (see Fig. 4.1 for representative simulations). Such models are stochas-
tic automata networks (SANs) that involve a large number of functional transitions, 
that is, the transition probabilities of one automata (i.e., an individual channel) may 
depend on the local [Ca2+] and thus the state of the other channels. Because the num-
ber of channels in the open class of states, N0 (t), can in principle be back-calculated 
from microfluorometric measurements of elevated local [Ca2+], our simulations and 
analysis focus on the stochastic dynamics of N 0 (t) (see Fig. 4.1A and B, middle). 
While the relationship between single channel kinetics of Ca 2+-regulated channels 
and the collective phenomenon of Ca2+ puffs and sparks is not fully understood, 
several groups have presented mathematical modeling studies of Ca2+ release sites 
that provide insight into the emergent properties of stochastic Ca2+ excitability [Rios 
and Stern, 1997,Swillens et al., 1998,Swillens et al., 1999,Stern et al., 1999,Shuai and 
Jung, 2002,Rengifo et al., 2002,Shuai and Jung, 2003,Hinch, 2004,Nguyen et al., 2005, 
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Figure 4.1: (A) Left: [Ca2+] near 3 x 3 J-lm endoplasmic reticulum membrane with 12 
Ca2+ -regulated Ca2+ channels modeled as three-state Markov chains (see Fig. 4.2A) 
with positions randomly chosen from a uniform distribution on a disc of radius 2 J-lm 
(source amplitude 0.05 pA). Buffered Ca2+ diffusion is modeled as in [Nguyen et al., 
2005] (see Chapter 3). Middle: Stochastic dynamics of the number of open channels 
at the release site (No) that does not include robust puffs/sparks. Right: Probability 
distribution of the number of open channels leading to a low puff/spark Score of 0.19. 
(B) Different random channel positions result in a release site that exhibits robust 
Ca2+ puff/sparks (middle) and an elevated Score of 0.39 (right). 
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Mazzag et al., 2005,DeRemigio and Smith, 2005]. For example, it has been shown that 
allosteric interactions between intracellular Ca2+ channels may lead to synchronous 
gating [Stern et al., 1999, Groff and Smith, 2008b), but such direct coupling is not 
required [Nguyen et al., 2005, DeRemigio and Smith, 2005, Swillens et al., 1999]. 
Rather, Ca2+ puffs and sparks can readily be observed when the coupling between 
single channel models is mediated entirely via the buffered diffusion of intracellular 
Ca2+ simulated through numerical solution of a system of nonlinear reaction-diffusion 
equations. In the above mentioned studies, the specific single channel model chosen, 
the release site geometry, and the description of the cytosolic milieu all contribute 
to the measured statistics of simulated puffs and sparks such as amplitude, duration, 
and inter-event interval. The IP3 R or RyR models used often include transitions 
representing fast Ca2+ activation and slower Ca2+ inactivation, two phenomena that 
have been repeatedly (but not uniformly) observed in single channel recordings from 
planar lipid bilayer and nuclear patch experiments [Fill and Copello, 2002, Hagar 
et al., 1998, Mak and Foskett, 1997, Moraru et al., 1999, Ramos-Franco et al., 1998, 
Bezprozvanny et al., 1991, Groff and Smith, 2008a]. 
Many of the studies mentioned above assume mean-field Ca2+ coupling where the 
channels have no explicit spatial positions at the release site. These reduced sim-
ulations assume that the local [Ca2+] experienced by each channel depends on the 
number of open channels at the Ca2+ release site, as though the channels were indis-
tinguishable. In prior work we have shown that mean-field simulations are often in 
reasonable agreement with results obtained using spatially explicit release site mod-
els [DeRemigio et al., 2008]. However, in some cases channel position can significantly 
influence release site dynamics. For example, Fig. 4.1A and B shows two represen-
tative Ca2+ release site simulations that are identical except for channel positions 
(left). These differences in channel positions lead to minimal release site activity 
in Fig. 4.1A (middle) but robust release site activity in Fig. 4.1B (middle) that is 
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reminiscent of the phenomenon of Ca2+ puffs or sparks. Note that the presence or 
absence of puff/sparks in Ca2+ release site simulations can be determined from the 
steady-state distribution of the number of open channels at the release site (Fig. 4.1, 
right) using a response measure dubbed the puff/spark Score [Nguyen et al., 2005), 
S _ Var[fo] core- E[jo] 1 Var[No] N E[No]' (4.1) 
where fo = No/N is the fraction of open channels. The puff/spark Score takes values 
between 0 and 1, and a Score of greater than approximately 0.3 indicates the presence 
of robust stochastic Ca2+ excitability (as in Fig. 4.1B). 
While response measures such as the puff/spark Score and the probability dis-
tribution of N 0 can be estimated via Monte Carlo simulation (recall Chapter 3), 
these quantities can also be directly calculated without simulation. In this case the 
stationary distribution of the generator matrix for a Ca2+ release site model is ob-
tained using numerical linear algebra techniques, and response measures such as the 
puff/spark Score and the distribution of N 0 are subsequently calculated from the 
stationary distribution, i.e., the steady-state probability of each release site state (see 
Sec. 4.4). Because prior work indicates that the direct approach is computationally 
more efficient than Monte Carlo simulation [Nguyen et al., 2005], we aimed to apply 
advanced solution methods for Markov chains to models of coupled Ca2+ -regulated 
Ca2+ channels. Using a Kronecker-structured representation of the generator matrix 
for a Ca2+ release site model and memory-efficient algorithms applicable to large-scale 
Markov chains, this chapter implements and benchmarks exact and approximate sta-
tionary distribution calculations for release sites with explicit channel positions and 
up to 1.6 million distinct states. 
The remainder of this chapter is organized as follows. In Sec. 4.3 we briefly review 
our model formulation for coupling Ca2+-regulated Ca2+ channels via the buffered 
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diffusion of intracellular Ca2+, and we present a Kronecker-structured representation 
for such Ca2+ release site models. In Sec. 4.4 we review a variety of exact and 
approximate solution methods for the stationary analysis of CTMCs. In Sees. 4.5.1-
4.5.3 we perform benchmark calculations using various exact solvers and analyze the 
performance of four numerical methods as a function of problem size, e.g., the time 
required to accurately calculate response measures such as the puff/spark Score. In 
Sees. 4.5.4 and 4.5.5 we present results using an approximate solution technique and 
examine its reliability by comparison to exact solutions. In Sec. 4.5.6 we analyze 
and discuss the extent to which the currently available approximate methods are 
applicable given the state-space explosion of physiologically realistic Ca2+ release 
site models. In Sec. 4.6 we make a specific proposal for future research in iterative 
numerical solution methods for Markov chain models of coupled Ca2+ -regulated Ca2+ 
channels. 
4.3 Modeling the coupled gating of Ca2+ -regulated 
Ca2+ channels 
The stochastic dynamics of single channel gating has been successfully modeled us-
ing continuous-time discrete-state Markov chains (CTMCs) [Colquhoun and Hawkes, 
1995, Smith, 2002b]. In this chapter we consider two Ca2+ -regulated Ca2+ channel 
models: a three-state channel that is activated by Ca2+ (Fig. 4.2A) and a six-state 
model that includes both fast Ca2+ activation and slow Ca2+ inactivation (Fig. 4.2B). 
In the state-transition diagrams shown in Fig. 4.2, k{ c and ki with i E {a, ... , f} are 
transition rates with units of reciprocal time, k{ is an association rate constant with 
units of conc-1 time-1 , and c is the local [Ca2+] experienced by the Ca2+ -regulatory 
site of the channel. If this local [Ca2+] is specified, the transition-state diagrams shown 
in Fig. 4.2A and B define CTMCs that take on values in their respective state-spaces: 
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Figure 4.2: (A) Three-state single channel model with Ca2+ -mediated activation that 
has two closed (C1 , C2 ) and one open (01 ) state. Parameters in JLM-1 ms-1 : kd: = 
1.5, kt = 150; in ms-1 : k;; = 50, k-,; = 1.5. (B) Six-state single channel model with 
Ca2+-mediated activation and inactivation. Parameters in JLM- 1 ms-1 : kd: = 1.5, kt 
= k! = 0.015, k"t = kt = 300, kj = 3.0; in ms-1 : k;; = 49.5, k"b = k;J= 0.2475, k;; 
= k; = 6.0, kj = 0.03. 
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S = {C1, C2, OI} and S = {C1, C2 , R 1, R 2, R 3 , OI}, respectively. 
In both the three- and six-state models, Ca2+-mediated transitions out of open 
states can be accelerated due to the increase in local [ Ca 2+] when a Ca 2+-regulated 
Ca2+ channel is open [Smith, 2002a, Bezprozvanny, 1994]. Assuming the formation 
and collapse of Ca2+ microdomains is fast compared to channel gating, we can denote 
the background and domain [Ca2+] experienced by the channel when closed and open 
as c00 and cd, respectively. With this assumption the generator matrices for the three-
and six-state models take the form 
(4.2) 
where K_ and K+ are M x M matrices that collect the unimolecular (ki) and bi-
molecular (kt) transition rates, I is the M x M identity matrix, I o = diag {eo}, and 
e0 is an M x 1 vector indicating open states of the single channel model [Nguyen 
et al., 2005]. For example, for the three-state model of Fig. 4.2A we have 
0 0 
K_ = k;; -k;; 
0 
0 
0 0 
0 0 
0 
0 
e0 = (0, 0, 1), and because the product I 0 K+ is a zero matrix, the generator matrix 
Q is simply 
-k+ a Coo k;t: C00 0 
Q= k-
a -k;; - kt Coo ktcoo ( 4.3) 
0 k-b -k-b 
While this matrix can be read off of Fig. 4.2A with the replacement of c00 for c, in 
the case of the six-state model the Ca2+ -mediated transition out of state 0 1 leads 
to nonzero I0 K+ and an 0 1 ----+ R 2 transition rate of kf(c00 + cd)· All other Ca2+-
102 
dependent transition rates are given by setting c = c00 in Fig. 4.2B. 
4.3.1 SAN descriptor for two Ca2+ -regulated Ca2+ channels 
In our model formulation, the interaction between channels located at the same release 
site is mediated through the buffered diffusion of intracellular Ca2+ (see [Nguyen 
et al., 2005] for a complete description). Briefly, the N channels at the Ca2+ release 
site have positions chosen from a two-dimensional uniform distribution on a disc 
of radius 0.1-2.0 p,m (see Fig. 4.1, left). When in the open state, each channel 
contributes to the landscape of [Ca2+] throughout the Ca2+ release site-the so-called 
Ca2+ microdomain-and influences the local [Ca2+] experienced by other channels. 
For simplicity we assume that the formation and collapse of individual peaks within 
the Ca2+ microdomain occurs quickly compared to channel gating. We also assume 
the presence of a single high concentration Ca2+ buffer and the validity of superposing 
local [Ca2+] increases due to each of theN channels [Naraghi and Neher, 1997,Smith 
et al., 2001]. Thus, channel interactions can be summarized by anN x N 'coupling 
matrix' C = ( cij) that gives the increase over c00 experienced by channel j when 
channel i is open. The diagonal elements of C represent the quantity denoted above 
as 'domain [Ca2+]' (cd), the increase in [Ca2+] above background that an open channel 
contributes to its own Ca2+ regulatory site [Nguyen et al., 2005]. For example, in the 
case of two identical channels the Ca2+ coupling matrix takes the form 
where 0 < c12 = c21 < cd. See Chapter 2 for further discussion of how numerical 
values for these concentrations are specified. 
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Note that the expanded generator matrix for two coupled Ca2+ -regulated Ca2+ 
channels has the Kronecker representation Q(2) = Q~) + Q~) where 
Q(2) _ = K_ EB K_ = K_ ®I+ I® K_ ( 4.4) 
collects the unimolecular transition rates and EB and Q9 denote the Kronecker sum and 
product, respectively (see Ch. 9 in [Stewart, 1994]). The transition rates involving 
Ca 2+ take the form 
(4.5) 
where each term in the sum represents Ca 2+-mediated transitions for each channel. 
The diagonal matrices Di2l and D~2l give the [Ca2+] experienced by channel 1 and 2, 
respectively, in every configuration of the release site. For example, for channel 1, 
Coo (I Q9 I)+ cd (Io Q9 I)+ c21 (I® Io) 
where e is an M x 1 vector of ones. For example, for two coupled three-state chan-
nels (Fig. 4.2A), the transition rate associated with a C20 1 ~ 0 10 1 transition is 
the ( 6, 9) entry of Q(2) given by kt ( c00 + c2I) when the release site states are ordered 
lexicographically, S(2l = {C1C1 , C1C2 , · · · , 0 1C2 , 0 10 1}. This Ca2+ -dependent transi-
tion rate of channel 1 undergoing a C2 ~ 0 1 transition (recall Fig. 4.2A) involves 
the background [Ca2+] (coo) as well as the concentration above background experi-
enced by channel 1 when channel 2 is open ( c21 ). For two coupled six-state channels 
(Fig. 4.2B), the 0 10 1 ~ 0 1R 2 transition rate is Q(2l(15, 17) = kt(coo + c12 + cd)· 
Using the Kronecker identities such as (I Q9 I 0 ) (I Q9 K +) = I Q9 I 0 K +, Eq. 4.4 and 
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Eq. 4.5 can be combined and rearranged as 
Q(2l = Xoo EB Xoo + cd (IoK+ 0 I)+ c12 (Io 0 K+) 
+ c21 (K+ 0 Io) + cd (I 0 IoK+) (4.6) 
where X 00 = K_ +cooK+. The final four terms of this expression are arranged so 
that the column in which a term appears corresponds to the channel that is changing 
state (and thus the placement of K+ in the left or right side of the Kronecker product 
corresponding to channel1 or 2, respectively). Similarly, within a given column, there 
are two terms in which the matrix I 0 takes every possible position (determined by the 
row in which the term appears). Each of these terms in a given column is contributing 
an increase in the local [ Ca 2+] consistent with the context (open and closed channels) 
in which the given channel is changing state. Such compact Kronecker-structured 
representation is an example of a stochastic automata network (SAN) descriptor for 
two coupled Ca2+-regulated Ca2+ channels [Fernandes et al., 1998]. 
4.3.2 SAN descriptor for N Ca2+ -regulated Ca2+ Channels 
In the case of N channels coupled at the Ca2+ release site, the expanded generator 
matrix~i.e., the SAN descriptor-is given by 
N N N 
Q(Nl = ffixoo + 2:: Q9x:; 
n=l i,j=l n=l 
where X 00 = K_ + c00 K+ as in Eq. 4.6 and 
xr; = 
I o for i -!=- ) , i = n 
cij K + for i -!=- J., ) = n 
cdioK+ fori=) = n 
I otherwise. 
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(4.7) 
(4.8) 
Note that all states of the expanded Markov chain Q(N) are reachable, the matrices 
I, Io, and X[j are all M x M, and 2N2 - N of the N 3 matrices denoted by X[j 
are not identity matrices. The iterative solution methods discussed in the following 
section utilize the SAN descriptor for N coupled Ca2+ -regulated Ca2+ channels given 
by Eqs. 4. 7 and 4.8. 
4.4 Solution methods for large-scale Markov chains 
The limiting probability distribution of a finite irreducible CTMC is the unique sta-
tionary distribution 1r(N) satisfying global balance [Stewart, 1994], that is, 
( 4.9) 
where Q(N) is the Ca2+ release site SAN descriptor for N coupled channels (Eqs. 4.7 
and 4.8) and e(N) is an MN x 1 column vector of ones. Although Monte Carlo simu-
lation techniques such as Gillespie's Method [Gillespie, 1976] can be implemented to 
estimate response measures such as the distribution of the number of open channels 
(No) and the puff/spark Score (recall Fig. 4.1), this is an inefficient approach when 
the convergence of the occupation measures to the limiting probability distribution 
is slow. This problem is compounded by the state-space explosion that occurs when 
the number of channels ( N) or number of states per channel ( M) is large (i.e., phys-
iologically realistic). Table 4.1 illustrates the state-space explosion for release sites 
composed of the three- and six-state single channel models of Fig. 4.2. Because the 
model formulation (Sec. 4.3) accounts for release site ultrastructure (i.e., the spatial 
location of each channel), the number of configurations of the Ca2+ release site grows 
by a factor of M each time a channel is added, and when N is large the storage 
requirements of explicitly forming the expanded generator matrix Q(N) are excessive. 
Furthermore, the occupation measures for the limiting probability distribution are 
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slow to converge and interpreting simulation results involving MN release site config-
urations is difficult for large N. Fortunately, both space requirements and quality of 
results can be addressed using the Kronecker-structured representation of Eqs. 4. 7 and 
4.8-i.e., the Ca2+ release site SAN descriptor-in combination with various iterative 
numerical methods that leverage its Kronecker structure to solve for 1r(N). 
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Three-state channel Six-state channel 
N j1;JN L(N) Z(N) MN L(N) z<NJ 
1 31 4 7 61 12 18 
3 33 108 135 63 1296 1512 
7 37 20412 22599 67 3919104 4199040 
19 319 2.94E10 3.06E10 619 2.32E16 2.38E16 
Table 4.1: State-space explosion for a Ca2+ release site with N M-state channels, MN 
configurations, L(N) = N MN-l £(I) transitions between configurations, and z(N) = 
N MN-1 £(1) + MN non-zero entries in Q(N), where £(1) is the number of transitions 
in the single channel model. 
108 
4.4.1 Exact numerical methods 
Many methods are available to solve Eq. 4.9 with different ranges of applicability (see 
Appendix 4.7.2 and [Stewart, 1994] for review). For larger models, a variety of itera-
tive methods are applicable including the Power method (POWER) and the methods of 
Jacobi and Gauss-Seidel, along with variants that use relaxation, e.g., Jacobi with re-
laxation ( JOR) and Gauss-Seidel with relaxation ( SOR). Such methods require space for 
iteration vectors and Q(N) but usually converge quickly. More sophisticated projection 
methods, such as the generalized minimum residual method ( GMRES) and the method 
of Arnoldi (ARNOLDI), have better convergence properties but require more space. 
While the best method for a particular Markov chain is unclear in general, several 
options are available for exploration including the iterative methods described above, 
which can also be enhanced by preconditioning, aggregation-disaggregation (AD), or 
Kronecker-specific multi-level (ML) methods [Buchholz and Dayar, 2004, Buchholz and 
Dayar, 2007]. 
Due to multi-level (ML) method's superior performance in this context (see Sec. 4.5) 
and their ability to leverage the block structure that is naturally present in the Kro-
necker representation [Buchholz, 2000], we will describe them in more detail here. 
ML methods were inspired by multigrid methods used to solve partial differential 
equations, as well as aggregation/ disaggregation techniques for reduction of Markov 
chains [Horton and Leutenegger, 1994]. ML methods are iterative algorithms defined 
on multiple levels of increasing coarseness through which the solution process pro-
ceeds in cycles until a given termination criterion is met. The levels are given by 
the nested block-structure of the generator matrix, with the blocks defined implic-
itly by the Kronecker structure or explicitly through partitioning (see Fig. 4.3). One 
moves from fine-to-coarse and coarse-to-fine representations of the Markov chain via 
aggregation and disaggregation, respectively, where at each level of refinement an 
iterative method is implemented (i.e., the 'smoother'). One ML cycle consists of the 
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recursive traversal of these levels from the finest to the coarsest and back. There are 
multiple implementations of ML methods, with various places for variability: the type 
of cycle (V, W, or F), the type of smoother (e.g. JOR or SOR), the number of itera-
tions of the smoother at each level, and the method of selection for which automata 
(i.e., channels) to aggregate at each stage, e.g., fixed (FIX), cyclic (CYC), or dynamic 
(DYN). For comparisons of these implementations on a specific set of examples, see 
below, [Buchholz and Dayar, 2004], and Appendix 4. 7.3. 
Partitioning induces a block-structure of the generator matrix that can be useful 
in the implementation of both exact and approximate methods. For exact methods, 
such as the ML methods described above, this block-structure often suggests aggre-
gation/ disaggregation strategies that can improve convergence times. Partitioning 
can also be chosen consistent with response measures of interest, thereby facilitat-
ing the usc of these measures as convergence criteria. For example, if we partition 
the three-state single channel model of Fig. 4.2(a) into closed and open states, the 
resulting block-structure facilitates efficient computation of the performance mea-
sures dependent on the number of open channels, such as the distribution of N0 
and the puff/spark Score. As illustrated in Fig. 4.3(a), we can partition the states 
of the three-state single channel modelS= {C1,C2 , 0 1 } using the closed and open 
aggregate classes and write P = {C,O} where C = {C1 ,C2 } and 0 = {01}. In 
the case of N three-state channels, the induced partitioning on the expanded state-
space is a mapping of the 3N states s = s 1 s 2 ... sN E S(N) to one of 2N partitions 
p = p 1p2 .. . pN E p(N) where S(N) and p(N) are the Cartesian products x;[=1S 
and x['!=1P, respectively. In Fig. 4.3(b), lexicographical ordering of partitions-i.e., 
P(2) = {CC, CO, OC, 00}-and states within each partition leads to a permuted gen-
erator matrix composed of 16 blocks, with each block denoted by Q(2l[p, q]. Here and 
in the general case (N > 2), the block Q(N)[p, q] contains transitions from partition p 
to partition q with each block having a Kronecker-structured representation similar 
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to Eq. 4.7. 
More specifically, the diagonal blocks of the permuted generator matrix Q(N) [p, p] 
that correspond to transitions within each partition are given by 
N N N 
Q(N)[p,p] = ffiXoo[Pn,pn] + L @X;j[pn,pn]. (4.10) 
n=l i,j=l n=l 
In this expressiOn, each matrix X00 [pn, pn] contains the rows and columns of Xoo 
corresponding to the states in pn (and similarly for each X0[pn,pn]), where Xoo and 
XJ are defined in Eq. 4.8. For each off-diagonal block of the permuted generator 
matrix Q(N) [p, q] (p i- q) that corresponds to a transition between partitions, we 
write pn = qn for n i- k and pk i- qk where k E {1, 2, ... , N} is the index of the 
channel changing state. Using this notation, the nonzero off-diagonal blocks of the 
permuted generator matrix can be written as 
Q(N)[p, q] (~IIP"I) 0X=[p',q']0 C~/IP"I) + 
N N L @X;j[pn,qn] (4.11) 
i,j=l n=l 
where Xoo[Pk, qk] (XJ[pn, qn]) contains the rows and columns of Xoo (X0) correspond-
ing to the states in pk and qk (pn and qn), IPn I denotes the size of partition pn, and 
I1Pnl denotes a IPnl x IPnl identity matrix. Equations 4.10 and 4.11 are an example of a 
hierarchical Kronecker representation (see [Buchholz and Kemper, 2004] for review). 
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Figure 4.3: (A) Permutation of states and partition structure for N = 2 three-state 
channels under the closed/open partitioning strategy P = {C, 0}, where C = {C1 , C2} 
and 0 = {01}. The induced partitioning on S(2) is thus P(2) = {CC,CO,OC,OO}, 
with the states ordered lexicographically in both S(2) and each partition. (B) Block 
structure of the expanded generator matrix Q(2) when permuted in this manner. The 
thickness of the lines denotes the hierarchical structure of the partitioning. 
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4.4.2 Approximate numerical methods 
The hierarchical Kronecker representation of Eqs. 4.10 and 4.11 can be used to realize 
approximate solution techniques that often drastically reduce the computational effort 
while introducing only small approximation errors. A promising concept introduced 
in [Buchholz, 2004] is to represent components of the iteration vector by Kronecker 
products of vectors of much smaller dimension. Consistent with the hierarchical 
Kronecker representation discussed above, the iteration vector 1r(N) is partitioned into 
IP(N) I components (see Fig. 4.3A) and each component is either represented in an 
exact manner (detailed representation) or in an approximate manner (compositional 
representation). The compositional representation of the portion of 1r (dropping the 
superscript (N) for clarity) corresponding to partition p, denoted by 1r[p], is given by 
N 
7r[p] = aP Q9 7r; ( 4.12) 
n=l 
where 1r; is a vector of dimension 1 x IPn I with elements summing to unity and aP 
is a nonnegative constant that scales the probability mass of the 1r[p] in 1r such that 
As mentioned above, a compositional representation such as Eq. 4.12 is fiexi-
ble in the sense that the user may choose the partitions to be represented exactly 
versus approximately. Alternatively, the choice of exact versus approximate repre-
sentation may be adjusted adaptively during the iterative solution process, e.g., using 
a detailed representation for those partitions that accumulate most of the probabil-
ity mass [Buchholz, 2004]. Perhaps most importantly, the partitioning strategy P 
can significantly influence computational efficiency and the quality of the approxi-
mation. For example, a partitioning strategy that includes every state of the single 
channel model as a partition-e.g.) p = { cl }{ c2 }{ 01} for the three-state model of 
Fig. 4.2A-leads to an induced partioning p(N) that maps every state of the Ca2+ 
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release site model to a distinct partition (i.e. 1r[p] = ap with 1r; = 1 in Eq. 4.12). 
This strategy results in no approximation error, but unnecessarily increases both 
storage and run time compared to an exact iterative method. In the other extreme, 
a partitioning strategy that includes every state of the single channel model in one 
partition-e.g., P = {C1C20 1}-can only result in low approximation error when the 
stationary distribution of the Ca2+ release site model is well-approximated by the 
Kronecker factorization 7i = ®;[=17in. This is unlikely because it implies that the N 
channels at the Ca2+ release site are gating independently, i.e., not interacting via 
the buffered diffusion of Ca2+. Below we identify and discuss optimal partitioning 
strategies for both the three- and six-state models of Fig. 4.2. In general, we find 
that more refined partitioning leads to better approximation, but at the expense of 
storage requirements and computational efficiency (see Sec. 4.5.4). 
4.4.3 Abstract Petri net notation (APNN) toolbox 
A number of software tools are available that implement methods for Kronecker rep-
resentations. We selected the Abstract Petri net notation (APNN) toolbox [Buchholz 
and Kemper, 1999] and its numerical solution package Nsolve because of its rich va-
riety of numerical techniques for the steady-state analysis of Markov chains. Nsolve 
provides more than 70 different iterative numerical methods and allows the user to 
define SAN descriptors of the form of Eqs. 4. 7-4.8 through ASCII file input [Buchholz 
and Dayar, 2005, Buchholz, 1999, Buchholz, 1997, Buchholz and Kemper, 1999]. 
4.5 Results 
4.5.1 Benchmarked exact methods 
In order to investigate the numerical techniques that work best in combination with 
the Kronecker representation of our Ca2+ release site models (Eqs. 4.7-4.8), we wrote 
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a script for the software environment MATLAB that takes a specific Ca2+ release site 
model~defined by K+, K_, eo, C00 , and C as defined in Sec. 4.3~and produces the 
input files needed to interface with Nsolve. Using release sites composed of 10 three-
state channels (Fig. 4.2A), we performed a preliminary study to determine which of 
the 70-plus numerical methods implemented in Nsolve were compatible with Eqs. 4.7-
4.8. 
Table 4.2 lists seven solvers that converged in less than 20 minutes CPU time with 
a maximum residual 111T(N)Q(N) lloo less than 10-12 for a release site composed of 10 
three-state channels (see Appendix 4.7.3 for additional results). For each method we 
report the maximum residual when convergence is achieved, the sum of the residuals 
111T(N)Q(N)II 1 , the CPU and wall clock times (in seconds), and the total number 
of iterations performed. Because randomly selected channel positions ( cf. Fig. 4.1) 
have an impact on the interaction matrix C, the generator matrix Q(N), and the 
performance of solvers, the release site ultrastructure was identical for each calculation 
and thus the rows of Table 4.2 can be directly compared. We find that the traditional 
Jacobi over-relaxation method (JOR) works well for this problem with 310 =59, 049 
states, but the addition of aggregation/disaggregation (AD) steps is not particularly 
helpful. The separable preconditioner (PRE) of Buchholz [Buchholz, 1999] and the 
block SOR preconditioner (BSDR) are very effective and help to reduce solution times 
to less than 50 seconds for several projection methods including ARNOLDI and the 
biconjugate gradient stability method (BICGSTAB). A multi-level (ML) solver with a 
JOR smoother, DYN ordering and F cycle gives the best results [Buchholz and Dayar, 
2004, Buchholz and Dayar, 2007]. 
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Solver Max Res Sum Res CPU (s) Wall (s) Iters 
JOR 9.49E-13 5.16E-12 279 279 1840 
JOR_AD 9.44E-13 5.13E-12 415 415 1550 
ARNOLDI 2.42E-13 4.04E-11 214 215 1440 
BICGSTAB 8.66E-13 4.89E-11 146 148 602 
PRLARNOLDI 8.62E-15 1.82E-12 26 27 160 
BSOR_BICGSTAB 8.22E-15 5.29E-13 19 19 52 
MLJOR_F _DYN 5.87E-13 1.68E-10 15 15 46 
Table 4.2: Benchmark calculations for 10 three-state channels computed using Linux 
PCs with dual core 3.8GHz EM64T Xeon processors and 8GB RAM solving Eq. 4.7. 
Description of solvers: JOR, Jacobi over-relaxation method; JOR_AD, the method of 
Jacobi with aggregation/disaggregation; ARNOLDI, the method of Arnoldi; BICGSTAB, 
the biconjugate gradient stabilized method; PRLARNOLDI, the method of Arnoldi 
with Neumann pre-conditioning; BSOR_BICGSTAB, the biconjugate gradient stability 
method with block successive over-relaxation pre-conditioning; MLJOR_LDYN, multi-
level method with JOR smoother, F cycle, and dynamic ordering. 
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4.5.2 Scalability of Exact Methods 
In the previous section we benchmarked the efficiency of several different algorithms 
that can be used to solve for the stationary distribution of Ca2+ release site models. 
To determine how these results depend on problem size, we chose representatives of 
four classes of solvers ( JOR, PRLARNOLDI, BSOR_BICGSTAB, and MLJOR_F_DYN) that 
worked well for release sites composed of 10 three-state channels (see Table 4.2). Us-
ing these four solvers, Fig. 4.4 shows the wall clock time required for convergence 
(117r(N)Q(N) lloo < 10-12 ) as a function of the number of channels (N) for both the 
three- and six-state models (circles and squares, respectively). Because the N chan-
nels in each Ca2+ release site simulation have randomly chosen spatial positions that 
may influence the time to convergence, Fig. 4.4 shows both the mean and standard 
deviation (error bars) of the wall clock time for five different release site configura-
tions. Note that for each value of N in Fig. 4.4, the radius of each Ca2+ release site 
was chosen so that stochastic Ca2+ excitability was observed. 
Figure 4.4 shows that the time until convergence is shorter when the Ca2+ release 
site is composed of three-state as opposed to six-state channels regardless of the 
numerical method used (compare circles to squares). Consistent with Table 4.2 we 
find that for large values of N the MLJOR_F_DYN (black) method requires the least 
time, followed by BSOR_BICGSTAB (dark gray), PRLARNOLDI (light gray), and finally 
JOR (white). Though there are important differences in the speed of the four solvers, 
the wall clock time until convergence is proportional to the number of states of the 
single channel model (M), that is, the slope of each line in Fig. 4.4 for M = 6 is 
nearly double that of the corresponding lines when M = 3. 
We also found substantial differences in the amount of memory needed to run 
those solvers (not shown). While simple methods like JOR allocate space mainly for 
a few iteration vectors, Krylov subspace methods like ARNOLDI use more vectors (20 
in the default Nsolve configuration), and this can be prohibitive for large models. 
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Figure 4.4: Circles and error bars show the mean ± SD of wall clock time for five 
release site configurations of the three-state model (Fig. 4.2A) using: JOR (white), 
PRLARNDLDI (light gray), BSOR_BICGSTAB (dark gray), and MLJOR_LDYN (black). 
Squares and error bars give results for the six-state model (Fig. 4.2B). Single-channel 
parameters as in Fig. 4.2 Calculations performed using 2.66 GHz Dual-Core Intel Xeon 
processors and 2GB RAM. 
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For projection methods such as BICGSTAB that operate on a fixed and small set 
of vectors, we observe that the space for auxiliary data structures and vectors is 
on the order of 7-10 iteration vectors for these models. In general we find that the 
iterative numerical methods that incorporate pre-conditioning (e.g., PRLARNOLDI and 
BSOR_BICGSTAB) are quite fast compared to more traditional relaxation techniques 
such as JOR. However, the power of pre-conditioning is only evident when problem 
size is less than some threshold that depends upon memory limitations. On the other 
hand, multi-level (ML) methods are constructed to take advantage of the Kronecker 
representation and to have very modest memory requirements. This is consistent 
with our experiments that indicate ML methods have the greatest potential to scale 
well with problem size (black symbols in Fig. 4.4), whether that be an increase in the 
number of channels ( N) or the number of states per channel ( M). 
4.5.3 Exact methods versus Monte Carlo simulation 
Although there may be problem size limitations, we expected that the stationary 
distribution of our Ca2+ release site models could be found more quickly using iterative 
methods than Monte Carlo simulation. This is confirmed in the convergence results 
of Fig. 4.5 using a release site composed of 10 three-state channels, the multi-level 
solver MLJOR_LDYN (filled symbols), and Monte Carlo simulation beginning with all 
N channels in state C1 that averaged 1,260 transitions per second (open symbols). 
The open squares and circles of Fig. 4.5 show the maximum and sum of the 
residuals (117T(N)Q(N) lloo and 117T(N)Q(N) 11 1 , respectively) averaged over 50 simulations. 
As expected, the residuals associated with the Monte Carlo simulations converge much 
slower than those obtained with MLJOR_F _DYN. Interestingly, Fig. 4.5 shows that even 
coarse response measures can be more quickly obtained using numerical iterative 
methods than Monte Carlo simulation. In the Monte Carlo simulations, the relative 
errors of the puff/spark Score (upwards pointing triangles) and the probability that 
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Figure 4.5: Convergence of response measures for a release site composed of 10 three-
state channels using MLJOR_F _DYN and Monte Carlo (filled and open symbols, respec-
tively). Circles and squares give 1- and oo-norms of the residual errors, upper pointing 
triangles give the relative error in the puff/spark Score for Monte Carlo (mean of 50 
simulations shown) compared with the Score given by MLJOR_LDYN upon conver-
gence. Similarly, the lower pointing triangles give the relative error in the probability 
that all N channels are closed. Parameters as in Fig. 1. 
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all N channels were closed (downwards pointing triangles) converge at essential the 
same rate as the maximum residual error 117r(N)Q(N)IIoo (open squares). 
4.5.4 Benchmarked approximate methods 
In Sees. 4.5.1 ~4.5.3 we identified several exact solvers that perform well when using 
the SAN descriptor (Eqs. 4. 7~4.8) to solve for the stationary distribution of a Ca2+ 
release site model. However, we have found that these techniques are not applicable 
when the number of states in the release site model (MN) becomes large, and so it is 
necessary to consider approximate methods and various partitioning strategies (recall 
Sec. 4.4.2). The APNN toolbox contains an implementation of only one approximate 
method, namely APP _POWER, with its iterative engine based on the Power method 
(POWER). In this section we perform a preliminary study using APP_POWER on N = 3 
channels to evaluate the 5 possible partitioning strategies for the three-state single 
channel model of Fig. 4.2A and the 203 possible partitioning strategies for the six-
state model of Fig. 4.2B. 
For the three-state model the minimum number of partitions is IPI = 1 and the 
maximum number of partitions is IPI = 3, and in both cases there is only one possible 
partitioning strategy (see first column of Table 4.3). Three partitioning strategies are 
first of which we found to be optimal in the sense of having minimum relative error for 
both the full stationary distribution (E7r) and the puff/spark Score (Escore)· Table 4.3 
also shows the amount of memory required by the approximate method to store 1r(N) 
when each partitioning strategy is employed. For clarity this is presented as a relative 
quantity, 
v(N) = ZA = N (0)N-l 
ZE M 
where M is the number of states in the single channel model, N is the number of 
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channels at the release site, and ZA = N MIPIN-l and ZE = MN are the memory 
requirements for the approximate and exact methods. As suggested in Sec. 4.4.2, 
the maximum number of partitions (IPI = 3) would not be used in practice be-
cause it would yield results equivalent to an exact method but require more storage 
(v(N) > 1). The minimum number of partitions (IPI = 1) would not be used because 
of excessive error (En and Escore large). However, for a large number of channels (e.g., 
N = 12) and the optimaliPI = 2 partitioning strategy P = {C1C2}{0I}, the relative 
memory requirement of the approximate method and approximation errors are ac-
ceptable (v(12) = 0.14, En = 0.0054, and Escore = 0.0035). Interestingly, the optimal 
IPI = 2 partitioning strategy associates the two closed states of the single channel 
model and isolates the open state. This makes intuitive sense given the central role 
of the closed and open aggregated classes of states in the coupling of channels in the 
Ca2+ release site model (recall Sec. 4.3). 
Table 4.3 shows the results of a similar study of partitioning strategies for N = 3 
six-state single channel models. In this case there are 203 possible partitioning strate-
gies and the best of the 31 possible IPI = 2 strategies is P = {C1C2R1R2R3}{01}. 
Again, we find the optimal IPI = 2 strategy partitions closed and open states of 
the single channel model and, interestingly, the optimal IPI = 3 strategy separately 
partitions closed and refractory states, P = {C1C2}{R1R 2R 3}{01}. While states C1, 
c2' nl' n2' and n3 are similar in that channels in these states do not increase the 
[Ca2+] experienced by neighboring channels, including all the refractory states in one 
partition may work well because the sojourn time in states nl, n2, and n3 is 3-300 
times longer than the sojourn time in states C1 and C2 (see Appendix 4.7.1). 
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IPI Optimal P for three-state model En Esc ore v(3) v(12) 
1 {C1C20I} 1.66E+O 9.38E-1 3.33E-1 6.77E-5 
2 {C1C2}{0I} 5.40E-3 3.50E-3 1.33E+O 1.39E-1 
3 {CI}{C2}{0I} 6.00E-8 4.38E-9 3.00E+O 1.20E+1 
IPI Optimal P for six-state model En €score v(3) v(8) 
1 {C1C2J.l1J.l2J.l301} 4.84E-1 5.40E-1 8.30E-2 2.86E-5 
2 {C1C2J.l1J.l2J.l3}{01} 3.50E-2 1.36E-2 3.33E-1 3.70E-3 
3 { c1 C2}{J.l1 J.l2 J.l3}{ 01} 7 .iOE-3 5.50E-3 7.50E-1 6.25E-2 
4 { CI}{ C2}{ J.l1 J.l2 J.l3}{ 01} 1.90E-4 7.60E-6 1.33E+O 4.68E-1 
5 {C1}{C2}{J.l1J.l2}{J.l3}{01} 5.07E-7 4.12E-8 2.08E+O 2.23E+O 
6 { c1 }{ c2 }{ J.ll} { J.l2 }{ J.l3 }{ o1} 4. 21E-8, 4.16E-8 3.00E+O S.OOE+O 
Table 4.3: Optimal partitioning strategies listed with their relative errors and memory 
requirements for both N = 3 three- and six-state channels with states S = {C1 , C2 , 0 1 } 
and S = {C1 , C2 , R 1 , R 2 , R 3 , 0 1}, respectively (see Fig. 4.2). The last column also 
lists relative memory requirements for larger N used in Sec. 4.5.6. For the three-state 
model, the optimal P is the best of 1, 3, 1 possibilities when IPI = 1, 2, 3. For the 
six-state model, the optimal P is the best of 1, 31, 90, 65, 15, 1 possibilities when IPI 
= 1, 2, 3, 4, 5, 6. 
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4.5.5 Error in approximate methods 
In Table 4.3 we identified the optimal partitioning strategies for N = 3 coupled three-
and six-state channels. To determine if these results generalize for larger problems, 
we tested the accuracy of several different partitioning strategies for Ca2+ release 
sites with N = 12 three-state channels or N = 8 six-state channels. In both cases 
we consider the optimal IPI = 2 partitioning strategy that separates closed and open 
states. This will be denoted below by C I 0 where it is understood that this refers 
toP= {C1Cz}{OI} for the three-state model and P = {C1C2R 1RzRJ}{Ol} for the 
six-state model. In the case of the six-state model we also evaluate the optimal IPI = 
3 partitioning strategy P = {C1C2}{R1R 2RJ}{OI} (denoted by CIRIO). We focus 
on these strategies because they perform well for N = 3 (see Table 4.3). But as 
discussed above, these strategies are consistent with salient properties of these single 
channel models (e.g., two conductance levels and, in the case of the six-state model, 
fast Ca2+ activation and slow Ca2+ inactivation). 
Using N = 12 three-state channels, Fig. 4.6A shows the probability distribution 
of the number of open channels (rightmost panel) calculated exactly using the high-
performing multi-level method MLJOR_F_DYN (black bars) described in Sees. 4.4.1 and 
4.5.1. Figure 4.6A also shows the probability distribution of No calculated approx-
imately using the the C I 0 partitioning strategy and the method APP _POWER (white 
bars), Nsolve's implementation of the approximate method described in Sec. 4.4.2 
that utilizes the POWER method as an iterative engine. A similar study using N = 8 
six-state channels is shown in Fig. 4.6B where black, white, and gray bars show results 
obtained by the exact MLJOR_F_DYN method, APP _POWER with the C I 0 partitioning 
strategy, and APP _POWER with the C IRI 0 partitioning strategy, respectively. For 
the three-state model with no refractory states, the C I 0 partitioning strategy well-
approximates the exact results (compare black and white bars in Fig. 4.6A); however, 
this relatively coarse level of partitioning does not perform as well for the six-state 
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model with three refractory states (compare black and white bars in Fig. 4.6B). For 
the six-state model we find that the finer partitioning strategy C /R/ 0 results in a 
better approximation of the steady-state distribution of No (compare black and gray 
bars). 
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Figure 4.6: (A) Statistics for a release site composed of 12 three-state channels. Left: 
Local [Ca2+J near 3 x 3 J.1m ER membrane modeled as in Fig. 4.1. Middle: Localized 
Ca2+ elevations reminiscent of Ca2+ puffs/sparks. Right: Probability distribution of 
the number of open channels calculated exactly using MLJOR_LDYN (black bars) and 
approximately using APP _POWER with C /0 partitioning (white bars). (B) Statistics as 
in A for 8 six-state channels with black bars denoting MLJOR_F _DYN and white and 
gray bars denoting APP _POWER with C /0 and C /R/ 0 partitioning, respectively. 
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4.5.6 Scalability of approximate methods versus Monte Carlo 
simulation 
In the previous section, we showed that for N = 8 six-state channels the accuracy 
of the APP _POWER method improves with more refined partitioning when the response 
measure of interest is the probability distribution of the number of open channels. 
While the C /R/ 0 partitioning strategy performed well in its approximation of this 
particular response measure, its practical value depends on the time to convergence 
in comparison to exact calculation. Figure 4. 7 A shows the wall clock time required 
for convergence of 1r(N) as a function of the number of channels ( N) for the six-state 
single channel model. Convergence is achieved when 
where 1r;,l is the l-th iterate of the n-th factor of partition 1r [p] in Eq. 4.12. As ex-
pected, Fig. 4. 7 A shows that results obtained using the approximate method APP _POWER 
and C /0 partitioning converge faster than those assuming C /R/ 0 partitioning for all 
N considered (compare filled squares to filled circles); however, we expect the IPI = 3 
partitioning to give a better approximation than the IPI = 2 partitioning (recall 
Fig. 4.6B). Figure 4. 7 A also shows the convergence time of the exact MLJOR_LDYN 
method (open circles) and the exact POWER method (open squares). Although POWER 
was excluded from Table 4.2 due to slow convergence, it is appropriate to compare the 
convergence times of APP _POWER and POWER because the methods have similar itera-
tive engines. While the extra overhead in using APP_POWER with C/R/0 partitioning 
slows its convergence for small problem size relative to the exact POWER method, the 
approximate method becomes faster than its exact counterpart when the release site 
has N 2: 5 channels. In general we find that approximate methods have potential 
to scale well with problem size; the slopes of these curves appear to be related to 
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the partitioning refinement (i.e., /P/ = 2, 3), whereas the exact method curves have 
slopes proportional to the size of the single channel model (M = 6). 
Figure 4. 7B compares the wall clock times for the approximate APP _POWER method 
(closed symbols as in Fig. 4. 7 A) to Monte Carlo simulation (open symbols) where 
measures of interest are the probability distribution of the number of open channels 
(circles) and the distribution of probability across the M =6 states of an arbitrarily 
selected individual channel (squares). For equitable comparison, the Monte Carlo 
calculations were terminated when the confidence intervals for each bin in a particular 
distribution fell below the average residual bin error of APP _POWER (determined by 
comparison to the exact MLJOR_F _DYN result). Figure 4. 7B shows that when the 
release site is composed of N < 8 channels, the APP _POWER method with C /R/ 0 
partitioning (filled circles) converges more quickly than Monte Carlo calculations. 
However, it appears that for the response measures considered here, the time required 
for Monte Carlo estimates scales better for larger problem sizes (compare open square 
to filled circle at N = 8). When a finer measure is desired (e.g., the entire stationary 
distribution 7r(N)), we would expect APP _POWER to outperform Monte Carlo simulation 
even when N is large (see Conclusions). 
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Figure 4. 7: (A) Filled and open symbols show the wall clock time for the six-state 
model using approximate and exact methods, respectively. Approximate results are 
shown for two levels of partitioning (C/0, squares and C/R/0, circles) with the 
APP _POWER method. Exact solutions are calculated using the POWER method (squares) 
and MLJOR_F_DYN method (circles). (B) Results as in A with open symbols corre-
sponding to Monte Carlo estimates of two coarse response measures: the distribution 
of the number of open channels (circles) and the distribution of probability across 
the M states of an arbitrarily selected individual channel (squares). The dashed 
line shows the projected performance of an approximate multi-level solver that uses 
MLJOR_F _DYN rather than POWER as its iterative engine. 
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4.6 Conclusions 
We have presented a Kronecker structured representation for Ca2+ release sites com-
posed of Ca2+ -regulated Ca2+ channels under the assumption that these channels 
interact instantaneously via the buffered diffusion of intracellular Ca2+ (Sec. 4.3). 
Because informative response measures such as the puff/spark Score can be deter-
mined if the steady-state probability of each release site configuration is known, we 
have identified interative numerical solution techniques that perform well in this bio-
physical context. 
While the benchmark stationary distribution calculations presented here all utilize 
the Kronecker structure of the Ca2+ release site SAN descriptor, we find significant 
performance differences among iterative solution methods (Table 4.2). When it is pos-
sible to obtain an exact solution, multi-level methods provide excellent convergence 
with modest additional memory requirements for the Kronecker representation. When 
the available main memory permits, BSOR-preconditioned projection methods such as 
TFQMR and BICGSTAB are also effective, as is the method of Arnoldi combined with a 
simple preconditioner. In case of tight memory constraints, Jacobi and Gauss-Seidel 
iterations are also possible (but slower). When these numerical iterative methods 
apply, they outperform our implementation of Monte Carlo simulation for estimates 
of response measures such as the puff/spark Score and the probability distribution of 
the number of open channels (Fig. 4.5). 
Using the approximate method APP _POWER, we determined the optimal partitioning 
strategy for a given number of partitions (IPI = 1, 2, 3, · · · ). As shown in Table 4.3, 
the optimal partitioning strategy for IPI = 2 or 3 is often one of two intuitive group-
ings of states: C/0 or C/R/0. Using these partitioning strategies, the approximate 
method APP _POWER shows better scalability than the exact methods (Fig. 4. 7 A). In 
particular, APP_POWER with C/R/0 partitioning has sufficient accuracy and compet-
itive runtime compared to its exact counterpart POWER (Fig. 4.7B). 
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While Monte Carlo simulation shows better scalability for convergence of specific 
coarse response measures, APP _POWER is preferred for problems of modest size ( N S: 7). 
Figure 4. 7B also suggests that an approximate method will out perform Monte Carlo 
when finer response measures such as the full stationary distribution are desired. For a 
release site composed of N M-state channels, Monte Carlo estimates of the stationary 
distribution require storage for MN states, while the approximate method only stores 
N MIPIN-l entries in its approximate representation of the stationary distribution, 
where IPI is the number of partitions. Given this storage savings for large problems 
and the scalability of APP _POWER relative to its exact counterpart (POWER), our re-
sults suggest that a promising avenue of future research is the implementation of an 
approximate method with a multi-level solver as its iterative engine. Because the con-
vergence time of MLJOR_F _DYN is several orders of magnitude faster than APP _POWER 
(Fig. 4. 7 A), an approximate multi-level solver could potentially outperform Monte 
Carlo estimates of coaSrse response measures for the problem sizes considered here as 
well as larger N (see dashed line in Fig. 4. 7B). Furthermore, because single channel 
models of IP3Rs and RyRs can be significantly more complicated than the three- and 
six-state models that are the focus of this manuscript, development of an approximate 
multi-level solver would represent an important contribution to the numerical analy-
sis of the stochastic gating of instantaneously coupled Ca2+ -regulated Ca2+ channels. 
Finally, since some puff and spark statistics-such as puff/spark duration and inter-
event interval distributions-cannot be determined from Tr(N), it is also important to 
determine if transient analysis be accelerated using the Kronecker structure of the 
Ca2+ release site SAN descriptor (Eqs. 4.7-4.8). 
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4. 7 Appendices 
4. 7.1 The topology of the six-state model 
The topology of the six-state model in Fig. 4.2B is derived from a two-subunit Ca2+ 
channel model that includes both fast Ca2+ activation and slower Ca2+ inactivation. 
Individual subunits are assumed to have topology 
(4.13) 
where · denotes a Ca2+ binding step and C, 0, and R represent closed, permissive, 
and refractory (i.e., long-lived closed) states, respectively. Expanding to obtain the 
topology of a two-subunit channel yields 
CC _____. CO _____. CR 
. Jr 1l. (4.14) 
00 _____. OR r= RR 
where Ca2+ binding steps are denoted as above. Because we assume identical (but 
not independent) subunits we may lump equivalent states-e.g., CO and OC-leading 
to the six distinguishable states shown in Eq. 4.14. The six-state model shown in 
Fig. 4.2B is produced by identifying each of the six states of Eq. 4.14 as closed, open, 
or refractory, 
c1 ----->. c2 ----->. R1 
·Jr 1l· (4.15) 
01 ----->. R2 ----->. R3 ..----
where we have assumed that both subunits must be in the permissive state for the 
channel to be open and, consequently, 00 = 0 1 is the only open state. While the 
remaining states are not open, we designate states cc = cl and co = oc = c2 as 
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closed and CR = RC = R 1 , OR = RO = R 2 , and RR = R 3 as refractory because 
the sojourn time in states R 1 , R 2 , and R 3 is over three times longer than the sojourn 
time in states cl and Cz at the background [Ca2+] of Coo = 0.05 p,M. This separation 
of times scales is even larger at the higher [Ca2+] experienced in a Ca2+ release site 
when neighboring channels are open. 
4. 7.2 Methods for finding the stationary distribution of a 
continuous-time discrete state Markov chain 
In this chapter we have focused on many methods for solving the linear system of 
equations 
TrQ = 0 subject to Tre = 1 ( 4.16) 
where 7r is a row vector and e is a commensurate column vector of ones. Here we 
provide brief descriptions for many of the numerical techniques used above, and we 
point the interested reader to [Stewart, 1994, Saad, 2003] for complete explanations of 
these methods. Because many of the methods described below have been derived for 
solving a system of equations given by Ax = b, where x and b are column vectors, 
we frame our problem similarly by transposing TrQ = 0 to obtain QT TrT = 0. 
Direct methods 
Many direct methods exist to solve the linear system of equations QT TrT = 0. For 
example, the mathematically-inclined reader may be familiar with Gaussian elimina-
tion or LU decomposition [Stewart, 1994]. In this chapter we have neglected these 
techniques as possible solution methods because for very large Markov chain models, 
these direct methods are inefficient and impractical. Specifically, LU decomposition 
is doubly problematic because it not only destroys the sparsity of the generator ma-
trix (which limits its applicability to models with only a few thousand states), but 
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it is also the case that the L and U factors of Q are not easily obtained from the 
compact representation of the SAN descriptor [Stewart, 1994]. These inefficiencies 
have resulted in the development of iterative techniques which are more applicable 
when solving Eq. 4.16. 
Iterative methods 
This chapter has identified many numerical methods which work well to solve for 
the stationary distribution of the Ca2+ release site. Many of the techniques that 
we have used are iterative methods, meaning they start with an initial guess at the 
solution and subsequent approximations are determined via some specified algorithm. 
As discussed above, this process continues until some convergence criteria is met. The 
simplest iterative technique for finding the stationary distribution of a Markov chain 
is the Power method which iterates according to the rule [Stewart, 1994] 
( 4.17) 
where P = I+ Qflt (recall Chapter 1). As noted above, the Power method is very 
slow to converge, and so we consider other iterative relaxation methods like Jacobi 
iteration and Gauss-Seidel. 
Relaxation methods 
Unlike the Power method described above, the Jacobi method (JOR) may be directly 
applied to the Q-matrix. For notational purposes let us define TrT = x and let 
QT = D- (L + U) where D, -L, and -U are matrices containing the diagonal, 
strictly lower triangular, and strictly upper triangular entries of QT. The recursive 
Jacobi method is then given by [Stewart, 1994, Saad, 2003] 
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( 4.18) 
The Jacobi iteration is sometimes referred to as a method of 'simultaneous correc-
tions' meaning that no portion of the approximation vector xk+ 1 is used until all of the 
components have been calculated. An example of a 'successive correction' method is 
the Method of Gauss-Seidel because it takes advantage of the most recently available 
components of the current iteration. This can be seen by considering the scalar form 
of the Gauss-Seidel method, where the ith component of the approximation vector is 
given by [Stewart, 1994, Saad, 2003] 
(
i-1 n ) (k+1) 1 (k+1) (k) . 
xi = d: L li]Xj + L Ui]Xj , z = 1, 2, · · · , n. 
n j=1 j=i+1 
( 4.19) 
Using the same matrix notation given above, this iteration method is written as 
( 4.20) 
The method of successive over relaxation (SOR) can also be expressed in terms 
of the matrices D, L, and U in addition to a specific relaxation parameter w > 1. In 
this case the iterative method is given by [Stewart, 1994, Saad, 2003] 
x(k+l) = (D- wL)-1 [(1- w)D + wU]x(k). (4.21) 
Notice that when w = 1 the SOR method reduces to the Gauss-Seidel iteration 
described above. While these methods are convenient because they only require a 
small amount of memory needed to store iteration vectors, like the Power method they 
may be slow to converge compared to more sophisticated methods like the multi-level 
solvers described above. 
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Projection methods 
In this section we briefly review projection methods which can be used to solve the 
linear system Ax = b, where A is ann x n real matrix. Projection methods involve 
projecting this n-dimensional problem onto a smaller subspace of IRn. This produces 
a corresponding problem that is easier to solve because the dimension of the new 
problem is much smaller. When the new problem is solved, its solution is projected 
back into the original space to obtain a solution to the original problem. These 
methods may also be considered iterative techniques because the projection process 
is repeated until convergence is reached. The method of Arnoldi and the generalized 
minimal residual method (GMRES) are Krylov subspace projection methods mean-
ing that the original problem is projected onto Km = span(v,Av,A2v,··· ,Am-1v) 
where v is determined by the type of projection method being implemented. Gen-
erally projection methods are superior to relaxation methods because their time to 
convergence is shorter; however, when a model system becomes very large the space 
required to store the projection vectors can be a limiting factor [Stewart, 1994, Saad, 
2003]. 
Other solution methods 
Other techniques like preconditioning and aggregation/ disaggregation steps may im-
prove the convergence properties with the iterative solvers discussed above, and we 
point the interested reader to [Stewart, 1994, Saad, 2003] for a comprehensive review. 
4. 7.3 Comprehensive results for exact solvers 
In order to investigate the numerical techniques that work best in combination with 
the Kronecker representation of our Ca2+ release site models (see Eqs. 4.7-4.8 above), 
we wrote a script for the software environment MATLAB that takes a specific Ca2+ 
release site model~defined by K+, K_, e0 , c00 , and C as defined in Sec. 4.3~and 
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produces the input files needed to interface with Nsolve. Using release sites composed 
of 10 three-state channels, we performed a preliminary study to determine which of 
the 70-plus numerical methods implemented in Nsolve were compatible with the Ca2+ 
release site SAN descriptor. 
We omitted methods that use an explicit sparse matrix data structure due to their 
limited scalability and instead consider only solvers that use a Kronecker represen-
tation. We also eliminated several methods that were not applicable, e.g., projection 
methods such as CGS, BICGSTAB and TFQMR with AD that require our models to have 
certain threshold values and implementations of some block iteration techniques that 
do not allow Kronecker products on diagonal blocks (see legend of Table 4.4 for defi-
nition of abbreviations). Based on a preliminary run with 30 minute max CPU time, 
we also eliminated some methods that did not indicate any convergence (e.g., CGS 
and GMRES without preconditioning) or were slow to converge (POWER method with or 
without AD, TFQMR, and ML solvers with SDR). 
Table 4.4 lists 29 of the remaining solvers that converged in less than 20 minutes 
CPU time with a maximum residual less than 10-12 for one configuration of 10 three-
state channels. For each method we report the maximum and sum of the residuals, the 
CPU and wall clock times (in seconds), and the total number of iterations performed. 
Note that the randomly selected channel positions have an impact on the interaction 
matrix C, the generator matrix Q(N), and the performance of solvers. Furthermore, 
because the Ca2+ release site models have only one macro-state, the JOR and a block 
variant of SOR (line 2 in Table 4.4) coincide and thus we focus on JOR below. (In 
the N solve context SOR itself is termed RSDR.) We find that traditional relaxation 
methods (e.g., JOR, RSOR) work well for this problem with 310 = 59,049 states, but the 
addition of AD steps is not particularly helpful. AD steps do however greatly improve 
the performance of the GMRES solver and to a smaller extent the DQGMRES and ARNOLDI 
methods. The separable preconditioner (PRE) of Buchholz [Buchholz, 1999] and the 
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BSDR preconditioner are very effective and help to reduce solution times to less than 
50 seconds for several projection methods. Among ML solvers, a JOR smoother gives 
the best results and dynamic (DYN) or cyclic ( CYC) ordering is better than a fixed 
(FIX) order where V, W, or F indicate the type of cycle used [Buchholz and Dayar, 
2004, Buchholz and Dayar, 2007]. 
In Table 4.5 we give results for a Ca2+ release site composed of N = 7 six-state 
channels, a problem that is approximately five times larger than that considered in 
Table 4.4. Some of the methods that performed well for 10 three-state channels work 
well for 7 six-state channels. The BSDR and PRE preconditioners with certain pro-
jection methods again show a faster convergence than the JOR and RSOR algorithms. 
The ML solvers are a set of methods that gave impressive results for both the three-
and six-state models, and it appears that the methods that have a JDR smoother 
and dynamic order are the most efficient regardless of the type of cycle used (V, W, 
or F). However we note that the MLJOR_LDYN solver works best for this Ca2+ re-
lease site model with 7 six-state channels. Different from the three-state model, we 
see that for the six-state model the PRLGMRES solver fails to converge and although 
PRLBICGSTAB and BSOR_TFQMR have small residuals, they do so near the upper limit 
of CPU time. This is partially attributed to the fact that prior to the final iteration 
these methods compute intermediate residuals using unnormalized iteration vectors 
that may prevent termination. 
138 
Solver Max Res Sum Res CPU (s) Wall (s) Iters 
JOR 9.49E-13 5.16E-12 279 279 1840 
SOR 9.49E-13 5.16E-12 435 436 1840 
RSOR 8.76E-13 2.40E-12 1190 1197 990 
JOR_AD 9.44E-13 5.13E-12 415 415 1550 
SOR_AD 9.44E-13 5.13E-12 413 414 1550 
DQGMRES 9.87E-13 6.78E-10 490 492 2940 
ARNOLDI 2.42E-13 4.04E-11 214 215 1440 
BICGSTAB 8.66E-13 4.89E-11 146 148 602 
GMRES_AD 6.43E-13 3. 61E-11 88 89 900 
DQGMRES_AD 1. 03E-12 1. 84E-10 184 184 2008 
ARNOLD LAD 7.23E-13 7.60E-11 109 109 1280 
PRE_POWER 9.37E-13 5.27E-12 246 247 1670 
PRE_GMRES 8.62E-15 3.73E-12 45 46 180 
PRE_ARNOLDI 8.62E-15 1.82E-12 26 27 160 
PRE_BICGSTAB 4.44E-16 2.49E-14 28 28 188 
BSOR_BICGSTAB 8.22E-15 5.29E-13 19 19 52 
BSOR_GMRES 3.05E-13 7.73E-12 20 20 49 
BSOR_TFQMR 1.83E-13 1.39E-12 17 17 48 
PRE_GMRES_AD 1.29E-13 1.52E-11 36 36 140 
PRE_ARNOLDI_AD 4.32E-13 7.18E-12 27 28 140 
MLJOR_ V _FIX 9.69E-13 3. 54E-11 105 105 372 
MLJOR_W_FIX 9.12E-13 1.14E-10 156 157 326 
MLJOR_F _FIX 9.93E-13 1. 01E-10 146 146 330 
MLJOR_ V _CYC 8.35E-13 6.36E-12 42 43 168 
MLJOR_W_CYC 4.36E-13 5.41E-11 26 26 38 
MLJOR_F _CYC 6.76E-13 1.39E-11 18 19 56 
MLJOR_ V _DYN 8.07E-13 6.09E-12 58 59 152 
MLJOR_W_DYN 2.81E-13 5 .15E-11 14 15 38 
MLJOR_F _DYN 5.87E-13 1.68E-10 15 15 46 
Table 4.4: Benchmark calculations for 10 three-state channels computed using Linux 
PCs with dual core 3.8GHz EM64T Xeon processors and 8GB RAM solving Eq. 4.7. 
Description of solvers: JOR, the method of Jacobi; SOR, Gauss-Seidel iteration with 
relaxation; RSOR, the method of successive over relaxation; POWER, the power method; 
GMRES, the generalized minimal residual method; DQGMRES, a direct quasi-minimal 
residual method; ARNOLDI, the method of Arnoldi; BICGSTAB, the biconjugate gradient 
stabilized method; TFQMR the transpose-free quasi-minimal residual method; the prefix 
PRE, Neumann pre-conditioning; the prefix BSOR, block successive over-relaxation pre-
conditioning; the suffix AD, aggregation/disaggregation steps; ML, multi-level method 
with JOR smoother, F, V, or W cycle, and fixed, cyclic, or dynamic ordering. 
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Solver Max Res Sum Res CPU (s) Wall (s) Iters 
JOR 9.57E-13 5.47E-11 6428 6431 3540 
SOR 9.57E-13 5.47E-11 5761 5767 3540 
RSOR 9.43E-13 2 .83E-11 7683 7688 1910 
PRE_POWER 9.94E-13 5 .82E-11 8183 8195 3250 
PRE_GMRES 8.30E-04 7.02E+OO 14440 14730 5840 
PRE_ARNOLDI 8.87E-13 6. 81E-11 1618 1621 540 
PRE_BICGSTAB 1.10E-16 4.72E-15 14410 14570 6358 
BSOR_B I CGST AB 1.45E-15 1.48E-12 1072 1074 172 
BSOR_GMRES 1. 84E-14 3.22E-12 1336 1338 175 
BSOR_TFQMR 1.95E-11 3.52E-09 14420 14820 2454 
MLJOR_V _FIX 9.91E-13 3.24E-11 8315 8330 3420 
MLJOR_W_FIX 9.96E-13 2.95E-11 10630 10630 3442 
MLJOR_F _FIX 9.93E-13 2.96E-11 8035 8195 3440 
MLJOR_V_CYC 9.64E-13 8. 64E-11 1694 1700 544 
MLJOR_W_CYC 1.00E-12 1.10E-10 1100 1103 288 
MLJOR_F _CYC 8.84E-13 8. 70E-11 1207 1210 306 
MLJOR_V_DYN 9.46E-13 1.11E-10 1039 1040 428 
MLJOR_W_DYN 8.84E-13 3.42E-10 903 905 222 
MLJOR_F _DYN 8.14E-13 2.58E-10 487 488 248 
Table 4.5: Summary results for seven six-state channels. See Table 4.4 caption for 
explanation of abbreviations. 
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Chapter 5 
Summary of results 
This dissertation has studied how Markov chain models of Ca2+ release sites advance 
our understanding of how the the emergent properties of Ca2+ puffs and sparks de-
pend on the single channel parameters of IP3R and RyR gating by exploring 1) the 
dynamics of stochastic attrition as a plausible Ca2+ puff/spark termination mech-
anism for Ca2+-activated channels and 2) how the presence of Ca2+-dependent or 
Ca2+ -independent inactivation affects whether channels are less sensitive to their ex-
act spatial positions at the Ca2+ release site. We also investigate the efficacy of 
numerical iterative techniques which may be used to solve for the stationary distri-
bution of our Ca 2+ release site models. 
The results of Chapter 2 demonstrate that stochastic attrition is a plausible 
puff/spark termination mechanism for Ca2+ release sites composed of instantaneously 
and mean-field coupled two-state Ca2+ -activated channels. One important finding is 
that even for a relatively small number of channels, cooperative Ca2+ binding is re-
quired for simulated Ca2+ release sites to give rise to robust puff and spark events 
that terminate due to stochastic attrition. Our results also show that the significance 
of stochastic attrition as a Ca2+ puff/spark termination mechanism depends on the 
coupling strength, the background [Ca2+], and the dissociation constant for Ca2+ 
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binding to a two-state Ca2+-activated channel. However, as long as those parame-
ters are chosen appropriately, there is always some range of Ca2+ coupling strengths 
leading to robust puffs and sparks terminated by stochastic attrition. Of course, the 
contribution of stochastic attrition as a possible Ca2+ puff/spark termination mech-
anism is model and parameter-dependent and must be determined on a case-by-case 
basis. Because we explicitly model the Ca2+ regulation of the intracellular channels, 
our results differ markedly from (and in fact generalize) preliminary analyses that 
assume the intracellular Ca2+ channels are uncoupled and consequently independent. 
Chapter 3 shows that single channel models that include Ca2+ -dependent or Ca2+-
independent inactivation are less sensitive to the details of release site ultrastructure 
(i.e., the relative channel positions at the Ca2+ release site) than single channel models 
that lack a slow inactivation process. Interestingly we have found that it is the time 
scale of the inactivation process and its dissociation constant-not a dependence on 
Ca2+ -that determine the sensitivity of puffs/sparks to the density of channels. This 
result generalizes when channels are arranged in a regular pattern (e.g., a hexagonal 
or cartesian lattice) or when channel positions are randomly chosen from uniform or 
truncated Gaussian distributions. This chapter also establishes that when channels 
are mean-field coupled it is important to choose the local Ca2+ concentration at the 
release site in a manner that distinguishes between each channel's substantial influence 
on its own stochastic gating and the collective contribution of elevated [Ca2+] from 
neighboring channels. 
Chapter 4 presents a Kronecker structured representation for Ca2+ release site 
models and shows benchmark stationary distribution calculations which leverage this 
structure. These benchmark results indicate that when the state-space of Ca2+ release 
site may be stored in main memory and an exact solution for the stationary distri-
bution is possible, iterative solvers outperform our implementation of Monte Carlo 
simulation for estimates of certain Ca2+ puff/spark response measures. In particular, 
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multi-level methods have the best convergence properties and use little memory com-
pared to other common iterative solvers like the methods of Jacobi or Gauss-Seidel. 
When the number of channels or number of states per channel is large (i.e., physiolog-
ically realistic) it is often impossible to calculate the stationary distribution exactly. 
We also benchmark approximate solution techniques which often drastically reduce 
the computational effort while introducing only small approximation errors. We have 
found that coarse response measures estimated from Monte Carlo simulation converge 
more quickly than the current implementation of the approximate solver when the 
release site model is large. However, because multi-level exact solvers are superior to 
these same Monte Carlo techniques, we suggest that an important avenue of future 
research is the development of approximate methods that utilize multi-level methods 
as their iterative engines. 
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